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SUMMARY

We propose a new explicit contact algorithm for finite element discretiakdssand shells with smooth and non-
smooth geometries. The equations of motion are integrated in time with atoreciicrector type algorithm. After
each predictor step, the impenetrability constraints and the exchangenaémten between the impacting bodies
are considered and enforced independently. The geometrically ingilligenetrations are removed using closest
point projections or similar updates. Penetration is measured using tieelsiglume of intersection described by
the contacting surface elements, which is well-defined for both smoothamrdmooth geometries. For computing
the instantaneous velocity changes that occur during the impact eveirttragtuce the Decomposition Contact
Response (DCR) method. This enables the closed-form solution of theeggmations at impact, and applies to
non-frictional as well as frictional contact, as exemplified by the Coul&intional model. The overall algorithm
has excellent momentum and energy conservation characteristiesesalsiumerical examples demonstrate.
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1. Introduction

Finite element computations of the dynamic impact and arthinteracting bodies are notoriously
difficult, due to the strong non-linearity and non-smoosmef the associated equations.The inherent
difficulties in simulating contact have motivated a numb&iapproaches for contact enforcement.
Examples are penalty methods4] 26], which allow penetration to occur but penalize it by apptyi
surface contact force models, and exact or approximateabbagrmultiplier methods4{ 6, 7, 15]
which exactly preserve the non-interpenetration constrai the case of penalty methods, in addition
to their fundamental convergence difficultied, [their sensitivity to the choice of the parameter is
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often troublesome. While the proper enforcement of the méerpenetration constraint requires a high
penalty parameter, the system becomes increasingly stifi@penalty parameter is increased. This
makes it very challenging for such algorithms to simulatetact when complex geometries require
strong enforcement of the contact constraints, such asuimming of thin-shells or contact within
fragment clusters. Lagrange multiplier methods, on therdtlnd, typically exactly enforce the contact
constraints and so apply in a straight-forward manner toptexnsettings. However, these methods
require the solution of implicit augmented systems of eignat which can become computationally
very expensive for large problems. Their implicit charaetiso makes the parallel implementation of
such methods very challenging. Further discussion of taedether standard contact algorithms may
be found in standard textbooks, [L9, 25].

The explicit contact-enforcement method developed in phiser, termed Decomposition Contact
Response (DCR), circumvents a number of the above-meutidiffeculties inherent to conventional
contact-enforcement techniques. In the DCR method theemftent of the impenetrability constraint
and the exchange of the momenta during the impact are coadideparately. The impenetrability is
enforced by means of closest point projections or similelnéues, while the transfer of momentum
is accomplished by applying self-equilibrating impulsegte nodes participating in the impact. An
important feature of the DCR is its applicability to any peody defined constraint function, such
as the gap function or the intersection volume. For exantpke constraint function defined as the
intersection volume is crucial for the contact of non-srhdmbdies in three dimensional problems. In
addition, the DCR method is fully explicit and thus amenablgarallel implementation, while still
exactly preserving the non-interpenetration constrdietah time-step.

The self-equilibrating impulses applied to the systemryithe contact event are derived using the
non-smooth variational mechanics framewdk,[11]. The applied impulses due to an elastic collision
preserve the kinetic energy and all momenta of the systerite Wie impulses due to friction lead to
energy dissipation, but do not change the total linear oulmgnomenta of the system. In contrast
to conventional contact enforcement algorithms, the madeiof the impulses do not depend on the
amount of the penetration, which is a manifestation of theetdiscretized system and not the true
continuous problem. In particular, for frictional contabe tangential forces should directly depend
only on the normal pressures and any non-physical assunspimout the normal pressures may easily
harm the fidelity of the numerical solution.

The inputs for the DCR algorithm are the surface finite elaséfaces) of the discrete contact
surface, independent of the particular features of theefigiéments used for discretizing the domain
integrals and the material models. Thus, the derived algarican be used for shells or solids
and facilitates the implementation of modular softwarekpges, which is critical for concurrent
multi-scale and multi-physics finite element codes, sucesxribed in 3]. Further, to simplify the
algorithmic implementation we specialized the DCR methodhe treatment of pairwise collision
of the contact surface elements. The two possible permtrattenarios for two contact surface
elements embedded in three dimensional space are nodedfidcedge-edge contacts. Although in
many applications the treatment of node-face penetraiossifficient, for situations such as those
involving impact between non-smooth bodies, the propesiciemation of edge-edge contact is crucial.
The contact constraints are only enforced at the end of @aehdtep. Therefore, pairwise treatment of
collisions may lead to ambiguities, since some element®des may participate at several collisions.
To strictly enforce causality it is necessary to prioritize collision events with respect to the collision
times. However, in the numerical computations the oveedponse of the colliding bodies is only
slightly influenced by the order of the collision events with time-step.

The final integration method developed in this paper can garded as an efficient, explicit
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approximation to the implicit rigid body impact method dieyeed in [L1] using the framework of
variational non-smooth mechanics. Previous work withen¢bnceptual framework includet?, 23].

In these papers the contact enforcement is of implicit typ farmulated as a nonlinear constrained
optimization problem. For large scale problems, the efficyeof the explicit overall time-integration
scheme is adversely affected by the implicit contact emfiorent algorithm. As well known, in
applications with high velocity gradients and frequenciese to the natural frequency of the material,
explicit type contact enforcement and time-integratiomesoes are in general more efficient.

The paper begins if2 by stating the equations of motion for a finite element diszagon of a
contact-impact problem, and then describes the basic D@&discretization strategy §8. The key
element of the DCR method is the efficient calculation of thpllses produced by contact, based on
linear decompositions of the momenta. This is describéd,iand illustrated with a number of simple
examples irg5. The practical performance of the DCR method is then dematest on a number of
numerical examples ig6. Finally, the momentum decompositions necessary for thR D@ethod are
derived for general geometries§i.

2. Discrete Impact Equations

In the following we briefly review the derivation of the vati@nally consistent discrete impact
equations for finite-dimensional systems, such as thoseaffinite element discretization of a
hyperelastic solid or a shell. The derivations are indepahaf the contact constraint definition
and essentially independent of the finite elements usedmiéoe details on non-smooth Lagrangian
mechanics and the underlying geometrical framework we teffl1, 12, 21] and§7.

Finite element discretization of a hyperelastic solid aglsWith a single impact event leads to an
action integral of the form

S(w, i, 1) = /Otc L(wm, &)dt + /T L(z,&)dt, N

c

wheret, is the unknown impact time antdis the semi-discrete Lagrangian,
1
L(x, &) = §¢TM:L~ —W(x)+ f* . (2)

Here M is the mass matrixi¥’ is the internal energyy are the deformed nodal positions,are the
nodal velocities, ang®'is the external force vector. In the case of multiple impaehgs over the time
interval [0, T'], the action is the total sum of the actions between the disitimpact times. In addition,
the action integral is augmented by proper boundary anidliionditions for the nodal positions and
velocities, which have been omitted here for brevity.

In the presence of contact the geometrically admissiblefsg¢formationse € Q are constrained
tox € A C Q with

A={zecQ|g(x) <0} ®3)

The constraint functio(x) only depends on the deformed nodal positions and will laceuged
for enforcing the impenetrability condition. The boundaxy, given byg(x) = 0, consists of those
deformations for which contact has just occurred withouteagtration. Different choices for the
constraint functiory are possible, such as the gap function or the intersectitume A detailed
discussion of constraint functions is given§8. Note that the (non-unit) normal @A is given by

Vy(x).
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At the equilibrium configurations the action integral isuggd to be stationary, which is
. 08 os .. 0S8
0S(x,&,t.) = a <dx + % 0T+ oL,

Applying standard variational calculus leads to

5S(x,d,t,) = 6 (/t Lz, &)dt + /T L(z, dz)dt)
0 t

c

5t, = 0. (4)

T /oL d oL oL e
The first integral in the preceding equation gives the equatof motion to be
. OW (x(t
Mi(t) + # = ). (6)
The geometrical impenetrability condition
dglxe(te)] = Vg - (dx(t.) + (t.)dt.) =0 @)

is satisfied for two independent combinations of virtualodefations and impact-time variations,
namely

S = —d(te)dte (8a)
Sz -Vg=0 for &t,=0. (8b)

Note that any linear combination of these two constrairge ahtisfies equatior), and indeed that
these two possibilities span the set of allowable impadatians. The first equatiorBf) inserted in
the last term of equatiorb) leads to

oL &
= .- L =0. 9
Similarly, the second equatioBlf) introduced in the last term of equatid®) (eads to

oL 1%
[(% . 593] = 0 for all §= such thavx - Vg = 0,

tC

which implies

sL]"

{:| = \Vy, (20)

ot t=
where) € R is a scalar parameter. For the Lagrangian defined in equéjahe impact equations
(10) and Q) reduce to

+

[pl,c = AVyg (11a)

c

"M p]!" =0, (11b)
wherep = M & is the momentum vector. From the first equatibhd) follows that only the momentum
components in the direction of the normi&l change during the impact. The energy conservation
for the elastic impact process is described by the secondtiequ(l1b). If the momentump(t, )
immediately prior to the impact event is known, equatidiig and (L1b) may be used to compute the
momentump(¢1) just after the impact. The resulting momentum conservegittetic energy as well

as the total linear and angular momenta.
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3. Time Discretization

The semi-discrete action integrdl)(is discretized by subdividing the tim@, 7] into subintervals
0=ty < t1 < .. < t, = T and using proper shape functions in time for the deformation
and velocities. Following this approach a class of varially consistent time-integration schemes
can be derivedd]], including well-known schemes such as the Newmark metid 16], which
are traditionally derived starting from the semi-discretpiations of motion@). In our numerical
computations we use a scheme equivalent to the explicit Nekistheme in the predictor-corrector
form (8 =0,v=1/2).

The motion of the nodal positions resulting from the timtgration of the equations of motion
may lead to impacts between discretized surface elemeimésdiScrete impact events lead to jumps in
the momenta and velocities of the participating nodes, whie described by the impact equations.
In order to solve the impact equations it is necessary toipeothe nodal positions and velocities
immediately prior to the impact timeg . Since the impacts mostly happen within a time-step <
t. < t;, a correct treatment of the impact event requires the timesgration of the equations of motion
during the intervalgt;_; < t;] and[t] < t;] and the solution of the impact equations at the time
t.. Although conceptually straightforward, the describegrapch is not feasible for finite element
discretized systems due to the enormous number of possibigcit events during a time-step.

To illustrate this, consider a three dimensional finite edatncomputation with a characteristic
element sizeh. The time-step is thus also of ord€r(h), while the number of elementd’ is
proportional tol /h3, so that the total computational castwill scale like

N
— x 1/h*. 12
C’o<Ato< /h (12)

Contact can only occur between the elements on the surfabe sblid bodies, so that the number of
surface elements involved in impacts is proportional th?. To actually resolve each impact requires
time-stepping the entire system exactly to the time of edcthe collisions. This implies that the
time-step must scale at best lik& h2)T, and so the total work will scale like

N 5
C’ocAtocl/h . (13)
Clearly this is not feasible, leading to the conclusion ttaattact simulation algorithms cannot attempt
to exactly compute the sequence and timing of all impacts.

In the DCR approach, we do not intend to exactly track the emotif each node through collision
and to independently consider each impact. Instead, thatiegs of motion are initially advanced in
time for a time-stedt;_1,t;] without considering the contact constraints (figdje Subsequently,
all the impact events at the timg are identified with an algorithm for finding triangle-tridag
intersections. For solving the impact equations we makassamption that the impact event happened
at the timet;. Under these assumptions the impact equatidi} lIead to the following quadratic
equation system for computing the post impact velocities:

(AVg+p,- )" M~ (AVg +p,-) — ptTi, M~'p,- =0. (14)

TThis estimate assumes that no higher frequencies are adtlvatie refinement. In practice, however, they will be, anchso t
actual time-step must go to zero faster ti@ah?), making the cost even higher than that given b$)(
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Figure 1. Resolving the impact-time exactly (left) and the approximation insteis paper (right).
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Figure 2. Possible contact surface triangle penetrations and confrgtibn definitions in three dimensions.

The quadratic equation may be solved with iterative methsaish as those of Newton-Raphson type
[20]. However, it is also possible to derive closed form expmssfor the post impact velocities using
momentum decompositions as derived4n

The definition of the constraint functiagnsubstantially influences the form and size of the quadratic
system of equationd g). Although it is possible to define the constraints in terrhglobal geometric
guantities, such as intersection volumes, it is advaniage¢o define the constraints using local
guantities only. For three dimensional problems, essgnti@o different type impacts are possible:
either a node impacts with a finite element face, or the edge fofite element face impacts with
the edge of another face. The two possible types of impadisrée dimensions for triangular finite
elements are illustrated in figuge In both cases we can define the constraint function by theesig
volume of the tetrahedron formed by one triangle and a veaiely two edges, respectively.

The impact equations only describe the changes in the mamamd velocities during the
impact event. The enforcement of the constraints on thdatisments has to be be accomplished
independently, e.g., by means of closest point projectimsur implementation in the node-triangle
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Explicit Contact Time-stepping Algorithm

1. Update nodal positions and velocities of the finite eleémessh using a standard
explicit time-integration scheme, such as the Newmark ottignoring contact
constraints.

2. Search for inadmissible triangle-triangle intersawio

(a) Remove face-node penetrations by projecting the pegivegrnode to the
closest point on the triangle surface.
(b) Remove edge-edge penetrations by projecting the @imetredge to the
closest point on the triangle edge.

3. Update the velocities of the finite element nodes pasitailg in collisions
according to the impact equatioh$, using momentum decompositions.

Figure 3. Algorithm for combining time-stepping with explicit contact dynanidote that the contact resolution

only occurs once per time-step, even though there may be many colligiacs occurred within that time. This

means that the cost of the time-step scales with element.sigeusual for explicit elastodynamics methods, and
does not increase faster.

penetration case the penetrating vertex is simply prajebtek to the closest point on the triangle
surface. Similarly, in the edge-edge impact case the paivadredge is projected to the closest point on
the triangle edge. The projecting-back operation of theee@md nodes obviously leads to an increase
in the internal energy, which can be taken into account blyding the performed work into the energy
balance. In the finite element context, the performed workizareadily estimated by multiplying the
nodal force vector with the displacement difference to iobta

(AVg+p,- ) M (A\Vg +p,-) —p M 'p- = (f = f7) (2, — £1,).  (15)

wherei,, are the projected vertex positions afid”’ is the internal force vector. A similar correction
can be made to correct the small errors in angular momenttrodinced by the projecting-back
operation, if desired. In summary, the outline of the ovealjorithm for each time-step is given in
figure3.

4. Momentum and Velocity Decompositions

A particularly simple method for solving the impact equatdll) can be derived using orthogonal
momentum or velocity decompositions. In this section wesgivbrief outline of the method, which

should be sufficient for implementation. $7 we will derive the decompositions in detail and prove
the various properties that we use here.

4.1. Non-frictional contact

To begin, the momentum vector of all vertices involved inithpact is decomposed into a normal and
a tangential component to give

P = Prorm T Ptang (16a)
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The normal componeni,,, is defined as the orthogonal projection of the momentum vexttw the
span of the gradient of the constraint function, which is

(Vg,p— pnorm>]\4*1 =0, (17)

where (p, r)Mfl = p" M~ 'r is the inner product. HerdZ is the mass matrix, andZ ' is its
inversé. The normal component follows fromT) as

_ <v.gvp>M71
Prorm = ((Vg, Vg)M—1 > Vg (18)

-1

~ (V)" M'p|(V9)"M ' (Vg)| V.

At impact, we writep™ = D+ for the the momentum vector immediately after impact, ano= p, -

for momentum vector immediately before impact. These stz be decomposed as above to give
P+ = Pt-gng + pn+orm (19a)
P = Ptang+ Pnorm- (19b)

From (118 we see that the momentum during the impact jumps by an aniotim directionVg(x).
This implies that the tangential componentspofemain the same during impact. Indeed, only the
normal component will change. Furthermore, if we take

pt;ng = Ptang (20a)
pn+orm = —Prom (20Db)
then we can readily check that energy conservatid)(is satisfied by computing
1 _ 1, _ 1,
5 (anrorm + ther\ng;)TM ! (anrorm + ptgng) = 5 (p )TM ! (p )a (21)

where the critical fact is thapi,,g and pg,m are orthogonal in theM ' inner product, so that

(Prom) "M ™! (Prang) = 0%. Given the decompositiorL§) of the momentum just before impact into
normal and tangential components, we thus see that the ntomgust after impact is given by

p+ = Ptang — Pnormr (22)
4.2. Inelastic contact

The above impact response based on reversing the normaboemipof momentum produces entirely
elastic impacts. Often it is desirable, however, to incladrodel of inelastic processes which occur at
the instant of impactl[3]. The simplest of such models is to takeefficient of restitutione € [0, 1],

¥The inner products defined dyf and M~ are natural for velocities and momenta, respectively. Iriqaer, if p; = M
andp, = Mo, then(ar, 2) py = (P1. P2) pp-1-

§1n fact, (20) is the only solution of11). This can be seen by usingji(g to show thatpylorm must be of the formprlorm = aprom
assuming non-zero normal component, and then udih (o see thatv = 1 anda = —1 are the only solutions. The = 1
case corresponds to no impact, and so is ruled out on nomértetration grounds, leaving= —1 and giving 0b).
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which ranges between = 1 for completely elastic t@ = 0 for completely inelastic contact. The
normal component of momentum after impact is now given by

pn+orm = —€Pnom: (23)

An alternative way to express this is to rewrite the impasponse Z2) as

p+ =p + Inom, (24)

where the normal impulse is
Inorm = *(1 + 6)p;orm' (25)

4.3. Sliding directions for friction

We have assumed above that the tangential component of thenm® unchanged by the collision,
corresponding to a frictionless impact. To include a modefrigtional processes, it is necessary
to consider the relative motion between the contacting ésodAs a first step, the momentum is
decomposed into non-fixed and fixed components

P = Pnonfix T Prix- (26)

As the name suggests, the fixed component does not lead telatiye motion between the contacting
bodies. For example, the fixed component includes the rigidly liranslations and rotations of the
total system, in addition to other components. In contrdst, non-fixed component may lead to
relative motion normal or tangential to the contact surf&oe computing the non-fixed components a
separation vectal is defined by

h=at — 2!, (27)

wherex” andx’ are the positions of the two impacting points, with= 0 at the impact time...

According to our definition, the fixed component of momentwrsich that the fixed velocity
M 'p;, instantaneously keeps equal to0 (that is, the bodies do not separate, interpenetrate, or
slide along each other), so that

h(t. +€) = VRM ' - pge + O(e?) = 0, (28)

which implies
VAM ™' - py =0 (29)

and for the non-fixed components
VhM ™' (P—Proniix) = O (30)

Similarly to the normal decomposition, the non-fixed comgrmmay be interpreted as an orthogonal
projection onto the span of the columns(&h) T with respect to the inner produdtl ~* (see§7.2for
details). This implies

Pro = (VAT (V)T (VR)T) pg+) ((VR)T. D) gy (31)

= (VR)T [(Vh)M—l(Vh)T} “(VR)Mp.
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Non-fixed motions can now be decomposed further into thogenaloto the impact, leading to
separation or interpenetration, and those resulting fiaing between the bodies. We thus have
pnonfix
——
P = Pnorm T Psiide T Prix» (32)
N—_——
plang

so that the sliding and fixed components are given by

Dslide = Pnonfix — Pnorm (33)
Dsix = P — Pnonfix: (34)

4.4. Frictional impact response

The impact equationsl{) assume that the impact occurs without friction. Frictigniricluded by
modifying the length of the sliding component of momentwy),., as frictional forces are only
activated in the direction of potential slippage. As a cousace, frictional forces do not change the
total angular and linear momentum of the system (see§aIso'.

We consider here a simple Coulomb model which capturesslig-behavior and linear dependence
of the frictional force on the normal foréeFriction at the instant of impact is modeled as an impulse,
so that the momentum jump equatidri ) becomes

p" =p~ + Inom+ Iside; (35)

where Iiqe is the impulse in the sliding direction due to friction. Féretpurposes of computing
frictional impulses, we ignore the inelastic modekdf2 and take

Tnorm = —2Pnorm: (36)

The corresponding impulse delivered at the point of coniadR?®) can be computed from the nodal
values by
Inorm,point = (Vh) _TInorm7 (37)

with the pseudo-inversgVh)~! = (Vh)T (Vh(Vh)T)_1§.
For the subsequent computations we make the assumptioththahpulse is delivered over one
time-stepAt, so that the normal force componefitm € R at the point of contact is

I .
norm — Wa (38)
where|| - || is the Euclidean norm ifR3. In the above and following equations the time-step is used

only to clarify the derivation, and does not influence thelfirault.

TOf course, the angular and linear momenta of the individualdsoidvolved in the impact will change, but the momenta of the
entire system do not.

*More complex models of friction can be easily incorporated the DCR framework by redefining ).
§This is well-defined becauskom is in the directionVg, which is in the span of the columns ¢V h)T.
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The maximum frictional impulse which can be exerted occathé case of perfect stick, when the
sliding momentum after impact must bgﬁide = 0, and so the impulse applied to the system would
have to be

Isllde ps_lide' (39)
Under stick conditions, the impulsjie poine @nd tractionfids € R due to friction are thus
gl]i%)é,point = (Vh)_T : gl]i?j)é (40)
max __ || rs?l?j)é,pomt” (41)
slide — At )

where we use the fact th#ijiqe will be in the span of the columns ¢V h)T.
For Coulomb'’s law of friction, the actual tractigfgige depends on theoefficient of friction i, and
is given by
Jfslide = min{fsrﬂgé, :Ufnorm}- (42)
Consequently, the actual frictional impul$gide point at the point of contact and the actual frictional

impulselgjge Of the nodes participating at contact must be
max

lid lide,point
Islidepoim = %i g?iﬁ)é,pomt: fslideAt Irsnla)?pom (43)
slide ” slldapomt”
Islide = (Vh)T : Islide,point~ (44)
The preceding sequence of calculations can be collapsédeo g
~Psiide ||ps]ideH]\4*1 < :quniorm”]\J*1
Islide - HpnormHM 1 . (45)

HpslldeHM | ps||de7 OtherW|Se

where||p[| 5 ;-1 is the norm induced by the inner produgt p) 5 ,-:. The first case corresponds to
perfect stick and the second case to slip. In accordancethétitontinuous problem, the computed
impulse only depends on the momenta prior to contact and woiedirectly depend on algorithmic
variables, such as the time-step or the amount of interpeieet between the bodies before contact
resolution.

The entire sequence of calculations to decompose the mameard compute the impact response
is summarized in figurd.

4.5. Velocity decompositions

Using the fact that velocity and momentum are relatedgby= M, all of the momentum
decompositions can be written as velocity decompositidfesthus have

:‘Bnonfix
T = Tnorm + islide + d’fix . (46)
itang
Given a velocityz, its normal component is
(Vg.2) -1
T =|=——=—|M Vg (47)
norm <<vg7 Vg> . )

= (Vg)" {(VQ)TM_l(Vg)} M(vg),
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Decomposition Contact Response (DCR) Algorithm

Input data: momentunp— prior to impact, deformed configuration of system at
impact (so thay(x) = 0), coefficient of restitutiore, and coefficient of friction..

1. Decompos@~ by computingp;oim (18), Prontix (31 Pgjige (33), andpg, (34).
2. Compute the normal impuldgqm (25) and the sliding impulségjige (45).
3. Compute the momentupt™ just after impactg5).

Figure 4. DCR algorithm for computing the change in momentum due to a tmpac

and its non-fixed component is

o = M (VR)T (V)T (VR)T) ) (V)T ) (48)

— M~Y(Vh)T {(Vh)M’l(Vh)T} “(vh)a,

so that the sliding and fixed components are

ahslide = i’nonfix - 5bnorm (49)

i’fix = — d’nonfiXo (50)

Note that each component satisfigs = M s, etc..

5. lllustrative Examples

5.1. Two particles in 1D

Consider two point masses in 1D with masses and mp, positionsz4 and zg, and momenta
pa = mata andpg = mpig. Assume that initiallyr 4 < g, so that the admissible set is defined
by g(za,z5) =24 — x5 <0.Takingz = [z4 xp]" andp = [pa ps]" and

_|ma 0
=T 0 (50)
we have
1

Vyg(x) = {_J . (52)

The separation vector is given byx) = x4 — x5 and soVh = Vg. We can now calculate

MBPA—MAPB 0 mapatmapp
Pnorm = {mA";SJ“%EpA} ) Dslige = {0] ) Diix = {m;;ﬁiﬁgpg] . (53)
ma+mp mat+mp

It is simple to check thap,om Pside @Nd pyy are indeed orthogonal to each other with respect
to the inner product:,-) 5 r-1. In particular, (phom) "M ! (pgc) = 0, sincepgqe Vanishes in the
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Tc

T A B

Figure 5. Impact of two triangles in 2D.

one dimensional setting. The momentum after a frictioniegsact @2) is thus given byp™ =
—Prorm T Psjide T Prix which is

1 _

pr=——|MmAa—Tp 277_1,4 pA (54)
ma+mp | 2mp mp —ma] |PB

and agrees with the familiar formula for an elastic two-jgéet collision, derived directly from

conservation of total linear momentum and total kineticrgnén 1D.

5.2. Node-face impactin 2D

We consider now two linear triangular elements impacting@n As it is the boundaries of the two
triangles which actually impact, we need to consider theaichfetween a point mass and a rigid
extensible bar in 2D, as illustrated in figuse

The rod has endpoints, andx s, and the point mass has positieg:. We assume that the mass
of the triangles is lumped at the nodes, resulting in massgsmg, andm¢, with corresponding
momentap 4, pg, andp.. We define the constraint function to be

g(@a,zp,zc) = (Tc —x5) (T5 — TA)*, (55)
where N
1 2
[

Note that this is equivalent to takingto be the third component of the cross productof — x5)
and(zp — = 4) embedded int®3. The functiong is thus equal to twice the signed area of the triangle
formed by the points: 4, 5 andz . Differentiatingg with respect to its three arguments gives

)J_

vﬂ?Ag = (wB —Zc) VIBBQ = (wC - wA)Lv vﬂ?cg = (wA - wB)J_a (57)

which allows us to compute the normal component aking (L8).
To form the separation functialm we compute the parametére R such that the impact occurs at
(1 =&)xa + xp. As this must equat- we have

(o —xa)T(xp — 24)
xT) = . 58
=) (x5 —xa)T (x5 —T4) (58)
The separation vectdr € R? is thus

h(z)=(1-&za+Exp —zC (59)
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and we can calculate the derivative to obtain

0 ¢ 0 -1 0}7 (60)

_[1-¢
Vh_{o 1-¢0¢ 0 -1

so the transpose of the pseudo-inverse is

o 1 1—¢ 0 €0 -1 0
(Vh)T_(1_§)2+§2+1[ PR S _J. (61)

To compute the non-fixed component of momentum we 8%k (ioting that

(VR) M~ (Vh)T = (“_’5)2 Le ) {1 O] . (62)

my mo mg) |0 1

The normal component of momentum will be in the directiorMaf, and the sliding component will
be in the remaining part of the span of the rows/ai.

5.3. Momentum decompositions for finite elements

We work here inR?, and consider 2D finite elements which represent either laatibe boundary of
a solid body. Greek indices, 3 denote coordinate directions and take values or 3.

Let N (&, n) be the shape function associated with nédéor k = 1, ..., n, where¢ andy are the
parameter coordinates of a material point in the elemere.rkidal positions are given by* ¢ R?
with coordinates:**, so that the total position vectoris= [z' 22 ... 2"]". Similarly,z* € R? and
p,. € R3 are the velocity and momentum vectors of néde

The 3n x 3n mass matrixM has components/y, (3, with a block structure so that/y, g =
my 0ap fOr somen x n matrix m, whered is the Kronecker delta. We thus have that, =

i1 Z%:l Mpa,gv? =37 my ov*e.

Normal component. We assume that we have some functigr) so that the admissible set is
those configurations: with g(x) < 0, as in @). Using (L8) to compute the normal component of
velocity now gives

n n 0 — i
Py ZZ:l > i1 é’ﬁ) [m=1 5 i dg(x)
n n 3 16) _ - (0 ko ”
D=1 i1 Zﬁ:l ( gr(%)) [m-1]% (%) Oz

[pnorm] ka = (63)

Sliding component. To calculatepg;qe We must first calculate, .., Using @1). We begin by
constructing the separation vectrwhich tracks the material points of impact. Let andx’ be
the positions ifR? of the two material particles which impacted, so that

2h = " Ny (E" )t (64a)
k=1

= 3 N (€ )t (64b)
k=1
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for material coordinatéc”, n’) and (%, ). Now the separation vector is given by= x’ — x %,
asin @7),soVhis

oh”
= o5 = (M€ m™) = Ne(€™,n™) 07 (65)

Using this we can explicitly compute the expression &) to give

Y i [ANi[m ™ pja
Pronie = AN (Z?—l S AN [m ] [AN]j> :

[Vh]% 5

(66)

where[AN]; = N;(¢F nE) — N;(€F,1n%). Note that it is not necessary to calculate the inverse of a
matrix in this expression, as the denominator is simply dasc@his is due to the block structure of
M andVh.

Finally we can obtaimpgq. from

[pslide]ka = [pnonfix]ka - [pnorrn]ka' (67)
Component properties. In §7 we will see that rigid body motions are a subset of the fixedongt

and thus the total linear and angular momentum of the nornth$liding components is zero, assuming
a free system so thgtandh are translation and rotation invaridnfThat is,

0= anorm,kz = Zpslide,k (68a)
k=1 k=1
0= Z(wk —xM) x Prormk = Z(mk — ) x DPsiide ks (68b)
k=1 k=1
where the center of mags™ is
wcm _ ZZ:I Z?:l mkvemk . (69)

22:1 Z?:l Mk,e

The properties@8) can also be checked by direct calculation.

Lumped mass matrices. For performing the momentum decomposition it is advantageo use
a lumped mass matrix, so that is diagonal, making the calculation @b ~' much cheaper. If we
assume thatn is diagonal with entries given by, then 63) and 66) simplify to

_ 2 ZZ:l %(mé)ﬂpw dg(x)

[pnorm]koc = EZZI Zzzl (35(%)) (me)_l (%) Ok (703)
_ > =1 [ANTe(me) "' pea

[Pronfidka = [AN] ( ZL_/l[lAN]g(mg)_l[AN]e> : (70Db)

Even in cases where lumped mass matrices are not being ustbe: finite element discretization, it
may be reasonable to use mass lumping for the contact resptasof the DCR algorithm.

9 This will not be true if there are elements of the system, such faeed wall, which do not move if the position vectaris
translated or rotated, and in such cases we do not expect mamenéservation during impact.
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Figure 6. Impact of two bars.

6. Numerical Examples

In this section we investigate the performance of the prepd3CR algorithm for selected contact
problems in one and three dimensions. All three dimensiexaples are discretized with subdivision
shell elementsd, 8, 10]. The time-integration is performed with the explicit Newrk scheme without
physical or algorithmic dampingi(= 0.0, v = 0.5).

6.1. Two-bar impact

We consider first the longitudinal impact of two identicakdéfigure6). The length of each bar is
L = 10, Young’s modulus i = 1, mass density is = 1, and the cross section i = 1.0. Prior to
impact att = 0, the velocities of the left and right bar ave= 0.1 andv = —0.1, respectively. In the
numerical computations both bars are discretized Withtwo-node linear elastic finite elements. The
stable time step size, or the Courant numbedis = 0.1. Two different computations with time step
sizesAt = 0.05 andAt = 0.01 are performed. The displacements of the contacting baidigisown

in figure7 and is essentially independent of the time size. In agreewiéimthe analytical solution, the
bar tips remain in contact far < 20. In contrast to the displacements, the velocities exhjhitrious
oscillations as shown in figurésand9. The oscillations can essentially be attributed to theieitpl
character of the DCR algorithm and the absence of numerarapihg. Nevertheless, the oscillations
get smaller as the time step size is decreased, particalariyg the persistent contact phase(20).

6.2. Sphere-sphere impact

As a more complex example, we consider the impact of two spHkres discretized with096
subdivision shell elements, as shown in figd@ Both spheres have radius = 1.0 and thickness
h = 0.05. Young’s modulus isZ = 2.1 - 10°, Poisson’s ratio i’ = 0.3, and the mass density is
p = 7.85-1072. Prior to the impact the sphere on the left has an initial cigjoof v, = 150.0,
vy, = 0.0, andv, = 0.0 and the sphere on the right has a velocitywpf= —50.0, v, = 0.0, and
v, = 0.0. The time-step for the explicit Newmark scheme has beenechasAt = 5 - 1076,

As it is visible in the snapshots of figudd, the impact process leads to significant deformations
of both spheres due to the relatively small radius-to-théds ratio. Furthermore, during the impact
process a significant part of the kinetic energy is convartadinternal energy (figur&l). The slight
total energy increase by 2.58% during the impact is causeldéognergy contributed to system during
the removal of the penetrations. We did not apply the modifingoroposed in equatiori ), since the
energy increase appears to be insignificant. The total anguld linear momentum of the system are
practically constant throughout the simulation, as is entdrom figurel2.

In the frictional case, the total energy of the system de@agisne as a result of energy dissipation
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Figure 9. Two-bar impact. Tip velocities versus time for = 0.01.

caused by the slip-type frictional response (see fige In figure 14, it can be seen that for small
amounts of friction ¢ = 0.25 andu = 0.5) slip-type friction dominates and as a result the energy
decrease is greater for higher friction. For larger amowhtiiction (x = 0.75 andp = 1.0), in
contrast, stick-type friction becomes increasingly intpot, so that the energy loss lessens as the
friction coefficient rises. The DCR algorithm essentialgnserves the momenta independent of the
friction parameters, so that the time history of the totahmeata with friction is indistinguishable from

figurel2.
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Figure 10. Impact of two spherestat 0, ¢t = 0.02, andt = 0.03.
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Figure 13. Sphere-sphere impact with= 0.5. Energies versus time.
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6.3. Non-smooth cube impact

Our third example concerns the non-frictional impact of iubes (figurel5). The impacts between the
non-smooth cubes require the treatment of both verterghéaand edge-edge impacts. Each cube has
an edge length of.0 and has been discretized with2 subdivision shell elements. Young’s modulus
is E = 2.1-10%, Poisson’s ratio i& = 0.3, and the mass densitys= 0.7085. Prior to the impact, the
single cube has an uniform initial velocity of = 30.0, v, = —30.0, andv, = —30.0, and the group
of four cubes have, = —30.0, v, = 30.0, andv, = 30.0. The time-step for the explicit Newmark
scheme has been chosensis= 5 - 10~%. Again, the very good energy and momentum conservation
properties of the proposed method are noteworthy (figLl@esd17)

Figuresl8and19show the collision of6 cubes discretized with4592 subdivision shell elements.
The geometry of each cube, spatial discretization, and-tiegration parameters are equivalent to
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Figure 16. Non-smooth cube impact. Energies versus time.
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Figure 18. Impact of 76 cubes &t 0.028.

the five cube case. The robustness of the proposed DCR algoaistevident in this highly complex
problem, which includes both smooth and non-smooth contact
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Figure 19. Impact of 76 cubes &t= 0.21.

6.4. Sphere-plate impact

Our last example, the impact of a spherical shell with a pllistrates the performance of the DCR for
situations with mainly persistent contact. The sphere dat fhave a thickneds = 0.0035, and the
radii areR = 0.35 and R = 0.125, respectively. The Young’s modulusis= 2.1 - 10°, the Poisson’s
ratio isv = 0.3, and the mass density ijs= 7.85 - 10~2. The sphere has an uniform initial velocity
of v, = —75.0 and the plate has, = 25.0. The time-step for the explicit Newmark scheme has been

chosenag\t = 1-10~".

The finite element mesh with528 subdivision shell elements and two snapshots of the linnfase
att = 0.0015 and0.0030 are shown in figur&0. The localized strong oscillations in the internal
and kinetic energy histories in figutsl result from the wave reflection at the free plate boundary.
Furthermore, the weak linear momentum oscillations in 82 result from the non-conservative
dynamic boundary condition enforcement for the subdivisbell elements. Despite the oscillations

the good energy and momentum conservation properties ofgtieod are apparent.
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Figure 20. Impact of a sphere and a platé at0, ¢ = 0.0015, and¢ = 0.0030.
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7. Intrinsic Momentum Decompositions

In this section we revisit the momentum and velocity decaositimms of§4 from an intrinsic point of
view. This allows us to be more precise about the definitionts@operties of the decompositions, as
well as readily enabling the definition of a fourth compone@aimely rigid motions, which makes clear
the momentum preserving properties of the DCR method.

7.1. System geometry

The notation used in this section is substantially diffefeom that in§1-6. Here we use standard
differential-geometric notation, such as that1h [

Consider aonfiguration manifold @), with thetangent spacd’, () consisting of all velocity vectors
based at the configuratiene Q. We take a Riemannian metric 6h given by

(v, w)y =v" M(q)w (71)
for some positive definite matrix/ (¢)!l and allv, w € T,Q, with coordinate expressidi/ (q)];;.

The dual space td@,Q is the cotangent spacd’, (), consisting of momentum or force vectors
based at the point € Q. The inner produci/(¢) on T, induces the Legendre transforhf(¢g) =
FL|7,q : T,Q — T;Q by (M(q)v,w) = (v,w) ), With coordinate expressian = [M(q)];;v.

It also induces an inner produgt -) ys(q)-1 ONT;Q by (p,7) (g1 = (p, M(g)~'r) with coordinate
expressionM (q)~1]¥/, where(-, -) denotes dual-primal pairing.

Let A C @ be theadmissible sebf configurations, and A be thecontact setWe assume that is
defined by

A={qeQ|ylg) <0} (72)
for some smootladmissible set functiory : @ — R for which 0 is a regular valug*. Henceforth we
will assume that is a point ing A at which we work.

7.2. Projection operators

We briefly recall some elementary facts concerning prajectiperators. Consider a linear space
with an inner producfi/, and letB : X — Y be a linear operator fronX ontoY. Then we have

(X,M) —"— (Y,N) (73)

| |»

(X*, M~ <— (Y*, N7

)

whereX* andY* are dual space®* is the adjoint ofB, andN is defined by the induced inner product
onY* given by (r,7)y—1 = (B*r, B*F) ;1. As matrices[B*] = [B]T andN = [BM~!BT|~!.
Given these constructions, we now observe that
X* =rangéB*) & (M - ker(B)) (74a)
rangéB*) L1 (M - ker(B)). (74b)

IThe matrixM (q) corresponds to the (possibly configuration dependent) masxrobearlier sections.
**Thatis, ifg(q) = 0 thendg(q) # 0.
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To see 74b) we takeB*r € rangéB*) andp € M - ker(B), so thatBM ~'p = 0, and calculate
(B*r,p)p—1 = (r, BM~'p) = 0. To see {43 we already have that the intersection of the two spaces
is {0}, and we now write the projection operators explicitly as

P, = BE'NBM ™! (75a)
Py =1d — P;. (75b)

Clearly Py (p) € rangdB*), so we only need to check th&(p) € M - ker(B), but this follows
immediately from

BM~'(ld—=B*NBM~')=BM ™' — (BM~'B*)(BM~'B*)"'BM~" = 0.

7.3. Momentum and velocity decompositions

The tangent and cotangent spaces are decomposed into

T;onfixQ T:IixQ
TqQ _ T(?oer o qulideQ a T(;igidQ o T;hap(@ (76a)
T(tlangQ
T;,nonfixQ T;,fixQ
T;Q — T;,noer D T;,slideQ ® T;,rigidQ @ T;’Shap@, (76b)
T;,IangQ

where all non-intersecting subspaces are orthogonal iagheopriate inner product (that i%/ (¢) for
T,Q and M (q)~! for T,;Q)) and the corresponding componentsigf and7,( are images under
M (q). The orthogonal projection operators onto the subspacedéngent and cotangent spaces are
denoted by

Px:T,Q > T, Q P.x:T;Q—T;XQ, (77)
where X denotes any of the subspaces. Given a velocity 7, and corresponding momentum
p= Mv € T;Q, these can be decomposed into

Unonfix Vfix
U = Unorm + Uslide 1 Vrigid 1 Ushape (78a)
Utang
Pnonfix Pfix
P = Pnorm + Pslide + Prigid + Pshape (78b)

Ptang

where the various components are the projections with theegponding operators77). The
components of) andp are thus mutually orthogonal with respect to the approgriaber products,
and are individually related b¥/ (q).

7.4. Normal and tangential components

We define the normal and tangential subspaces to be
TMQ = M(q)™" - T;"°™Q T,"™Q = spar{dg(q)} (792)
1 *, _ *, 1
T(;angQ — (T;Oer) Tq tangQ — (Tq noer) , (79b)
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so thatT; "% = M (q) - Ty"Q. Note also that
T2 = ker(dg(q)). (80)

The projections onto the normal subspaces are given etypligi

(dg(q), v) .
<@mx@@»M@4)ﬂﬂﬂ dg(q) (81a)

<p7 dg(Q)>M(q)—1
(dg(q), dg(q)) ar(q) 1 > dg(q)-

Unorm = HDnorm('U) = (

Pnorm = I[D»«,norm(p) = ( (81b)

7.5. Fixed, non-fixed and sliding components

We assume that our system is modeling a continuum mechasyistm inR? and that the impact at
q € DA occurs at a spatial location € R? between two material particles. Lét ), be an inner
product onZ,R? with the associated nori || p, giving the magnitude of velocity vectors. Coordinate
indicesa, b, ¢ range overl, 2,3, so thatD has coordinate representatigf],,. The induced inner
product onTR3 is (-, ) p—1 with coordinate representatio®—!]¢*. We define maps
hy, by = Q — R?, (82)

so that for some other configuratigne Q the expressiona/(¢) andhZ2(q) give the positions iR?
of the two material particles which impacted at configumratjoBy definition we havéz;(q) = hfl(q).
Now defineh, : @ — R by

hqa(q) = he(@) — h3(@), (83)

so thath,(¢) gives the separation in configuratignbetween the two points which impacted in
configurationg. Note thath,(¢) = 0. A trajectoryg(t) consists of purely fixed motion if(t) € JA,
so thath ) (¢(t)) = 0 for someg(0) € A and all times.

The infinitesimal version of this means that a velocitye 7,0 is a purely fixed direction if
T,hy(v) = 0, whereT,h, : T,Q — ToR? is the tangent map df at ¢, with corresponding adjoint
mapT;h, : T;R? — T7Q. We thus define

T*Q = ker(T,hy) (84)
and using 75) the non-fixed, fixed and sliding subspaces are thus
T;onfiXQ — M(q)t- T;,nonfiXQ Tq*,nonfiXQ — rangdT; h,) (85a)
T;ixQ _ (T;onfiXQ)L T;,fix 0= (T;,nonfiXQ)L (85b)
qulideQ _ T;onfiXQ N T;angQ T;7slideQ _ T;monfiXQ n T;,tangQ7 (85¢)

so thaﬂv;,fiXQ — M(q) . j‘giXQ anqu*,slideQ — M(q) . T;IideQ_

For h, to be a well-defined separation map, it must be compatible thiz¢ admissible set mapin
the sense that ij(q) = 0 andhy(g) = 0 theng(q) = 0. This implies that,, ' (0) c g~'(0) and so
dg(q) € rang€T h,). From (799 and @53, this is simply the statement th&}"°"™Q C 7,-"°"Q),
as required.

Following §7.2 the adjoint magl’; h, can also be used to induce an inner produc) c(,)-+ on
TER3 by (u, w)c(q)-r = (T hgu, T hqw) rr(q)-1, With the corresponding map(q) : ToR? — Ty R?
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and the inner produgt, -) (4 ON ToR3. Arranged as a commutative diagram this gives

(T,Q, M(g) — 2~ (TyR?, C(q) (86)

M (q) J{ C(q) l

(T3Q, M(9)™") <= (TR, Cg) ™).

We assume that there is a scalar functibn Q — R such that the natural inner produbtand the
induced inner product'(¢) onTyRR? are related byu, w)c(q) = B(q)(u, w)p (all standard continuum
mechanics examples satisfy this assumption).

We can thus decompogdgR? and7;R? into

ToR? = TPP™R? @ T§eR? (87a)
T5R3 _ TgmormRS @ To*,slideR?,7 (87b)
where the spaces are defined by
T(r)wrmR?) _ thq . T;oer TglideRS _ thq . qulideQ (88a)
Ty R = (T he) ™t T0"™Q TSR = (T hy) ™" - TpS%Q,  (88b)

so that the normal and sliding subspaces are orthogonatlirtheD andC(q) inner products, and the
tangent subspaces are the images ufizleandC(q) of the respective cotangent subspaces. Note that
the decomposition87) depends on the reference pajr 0 A at which we are working.

We have the adjoint ma@'(q)* : T4R? — T;3*R? = TyR3, asTyR? is finite dimensional and
hence reflexive. Using this we can explicitly compute thgqmion operatorsqb) to be

Pronfix = M(q)_l ' T;hq ’ C(‘])* ’ thq (896.)
Py nontix = Ty hq - C(q)* - Tyhg - M(q) ™" (89b)
Pslidze = Pnonfix — Pnorm (89C)
P, siide = P nonfix — Punorms (89d)

which recovers3l) and 48).

7.6. Rigid and shape components

Now let G99 be a Lie group with Lie algebrg'¥ acting on@, which represents the allowabiigid
body motionsCoordinates 0g"9 are indexed by, 3. Typically G"9 will be SE(3) or some subset
thereof. We assume that"9d acts freely onQ, and that the admissible set functigris invariant
under the action 0&"99, and thus so is the admissible séfitself. In addition, we take the impact
point separation functioh to be invariant. We denote ki, : () — T'Q the infinitesimal generator
corresponding to each elemént g of the Lie algebra and define the mafy) : g™ — T,Q by

L(q)(€) = &q(q), (90)

which is linear and one-to-one, as the action is free. Thedioate expression foL(q) is given by
[L(q)]*,, and theadjoint map L(q)* : T;Q — (g"9)* defined by(L(q)*p,&) = (p, L(¢)¢) has
coordinate expressidi.(¢q)*],’ = [L(g))",,-
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As in §7.2, the inner product orf,@ naturally induces an inner produ¢t -);,) on g"% by
(&) 1g) = (L&, L)) The operatofi(g) : g™ x g"¥ — R is known as thdocked inertia
tensorand can be expressed as

(& )1g) = (@), Yo (@) m(q)- (91)

Similarly to above, this also induces a mp) : g"% — (g"9)* and an inner produd, -);(,)-: on
(g"9'9)*. We thus have the following commutative diagram, correspanto (73).

(0799, 1(q)) —— 2~ (T,Q, M(q)) (92)

H(Q)l lM(q)

(@719 ™) 1 QM@

Note finally that we have the map(q)~")* : (g"9d)* — (g91d)** =~ g'9d as we assume thgt9d is
finite dimensional and hence reflexive.
The space of rigid body motions is now defined by

T;99Q = rangé L(q)) (93)
and so all of the rigid and shape subspaces are
igid wtigid igid
7,9°Q = rangd L(q)) T;"9Q = M(q) - T59°Q (94a)
h igid fi *,sh _ /r.rigid i
qu ap@ _ (T;|g| Q)L N TqIXQ Tq S| ap@ _ (Tq rigi Q)L N Tq |XQ7 (94b)

so thatT "% = M (q) - T5"*%). Observe that
(T;"Q)* = ker(L(q)"). (95)

The assumption that the admissible set funcgas invariant under the action @99 implies that

(dg(q), L(q)¢) = 0 for all ¢ € g"9 and hence that}9¢Q is orthogonal to77°™Q. Similarly,

(T he(u), L(q)¢) = 0 forall u € TyR® and¢ € g"9, and sal7°"™(Q is also orthogonal tan9Q.
To compute the rigid body projection, we ug&)to see that

vrigia = Prigia(v) = L(q)(I(q)~")*L(q)* M (q)v (96a)
Prigid = Pa.rigia(p) = M (q)L(q)(I(q)~")*L(q) " (96b)
Finally, the shape projection operators are given by
Ushape= IP)shape('U) = (Pﬁx - IP)rigid)v (973)
Pshape= IP)>~<,shape(p) = (P*,fix - IP)>~<,rigid)p' (97b)

7.7. Rigid body momenta preservation

To ensure that the total linear and angular momentum of tsesyis preserved through the impact, it
is important that the normal and frictional impulses introe no net force or torque.

Friction is assumed to act only in the sliding direction, serequired ir§4.4that Isje € 7;5"°Q).
This implies that the the frictional impulse is orthogorattie normal impulse, and also that it does not
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break the symmetry action of the groGi9“, so the friction will not interfere with the conservation of
angular and linear momentum. The general conditio g to not break the symmetry is that

(Tside, £ (ge)) = 0 for all € € g (98)

(see, for example§3.1.4 in R1]). Given the definition 949 of 7;"9Q, we thus see that the
requirement 98) is exactly the same as requiringige < (T3 "99Q)L. Clearly this is satisfied by
requiring Isige € 77;-5"%Q).

Repall furthermore that in8Q), _(95) and @84) we observed tha(T(;“””‘Q)L = ker(dg(q)),
(T;"99Q)L = ker(L(q)*) and (T7°"™Q)+ = ker(T,h,), so that

<d9(Q)a 1Jslide> = <dg(Q)7Urigid> = <d9(Q)aUshapé =0 (99a)
L(q)* (pnorm) = L(q)" (psiide) = L(q)" (pshapd = 0 (99D)
Tohg(prigid) = Tyhq(pshape = 0. (99¢)

Here @9b) includes the statement that the normal impulse will notisedany rigid body motions, while
(999 restates the fact that the sliding, rigid and shape vedscédre non-normal, an®9c shows that
the rigid and shape momenta will not cause separation piatetration, or sliding.

8. Conclusions and Future Directions

We derived a new explicit contact enforcement algorithmmtsl Decomposition Contact Response,
starting from the conceptual non-smooth geometric meckainamework. The overall algorithm is
robust—it resolves the collisions between smooth and noseimbodies—and exhibits very good
conservation properties in terms of linear and angular nmume as well as total energy. The closest
point projections used for removing the interpenetratimiioduce some spurious non-conservative
effects, however these are minimal on the scale of the totehemtum or energy of the system. As
discussed, these effects can be further minimized by imzating the work performed by the nodal
forces during the projection into the energy balance.

In closing, a number of possible extensions of the theoryneamth mentioning. Firstly, for bodies
with smooth boundaries subdivision schem@sfiay be used for discretizing and parameterizing the
contact surface. Although as demonstrated in the examgtaply the control mesh may be used for
enforcing contact constraints. Proper treatment of smeatfaces increases the fidelity of the contact
stresses and forces as recently reported by several afig#hi3 18]. A further possible worthwhile
future research direction is the study of convergence oDBR method and in particular the interplay
with the Newmark time-stepping scheme used here.
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Simulation of the Dynamic Response of Materials (DOE W-7EDE5-48, B523297). Special thanks
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