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Abstract

An immersed finite element method is presented to compute flows with com-
plex moving boundaries on a fixed Cartesian grid. The viscous, incompressible
fluid flow equations are discretized with b-spline basis functions. The two-scale
relation for b-splines is used to implement an elegant and efficient technique
to satisfy the LBB condition. On non-grid-aligned fluid domains and at mov-
ing boundaries, the boundary conditions are enforced with a consistent penalty
method as originally proposed by Nitsche. In addition, a special extrapolation
technique is employed to prevent the loss of numerical stability in presence of ar-
bitrarily small cut-cells. The versatility and accuracy of the proposed approach
is demonstrated by means of convergence studies and comparison with previous
experimental and computational investigations.
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1. Introduction

Immersed, or embedded, boundary discretization methods in combination
with fixed Cartesian grids are particularly appealing for fluid flow applications
with moving boundaries. In such methods, the fluid grid is fixed through-
out the problem domain and the boundary, mostly representing an immersed
solid, is allowed to move freely through the fluid grid. The main difficulty in
implementing immersed methods concerns the imposition of boundary condi-
tions. Historically, immersed methods were first considered in the context of
finite differences or finite volumes and were until recently only able to represent
the boundary in a diffuse sense, see [1] for a review. To remedy the unwanted
smearing of the boundary over few fluid cells, lately, a number of sharp interface
techniques have been introduced, which combine ideas from original immersed
methods with finite elements, see [2, 3, 4, 5]. In particular, the variational un-
derpinnings of finite elements enable the formulation of consistent and stable
immersed methods with an accuracy comparable to body-fitted unstructured
meshes. At the same time, immersed methods practically eliminate the need to
generate and maintain good quality meshes throughout a computation.

In immersed methods the physical domain boundary can intersect the Carte-
sian grid cells and the corresponding basis functions in an arbitrary way. This
leads to cut-cells close to the physical domain boundaries which have to be suit-
ably integrated. The consideration of Neumann boundary conditions is straight-
forward and concerns only the proper integration of non-homogeneous boundary
terms. In contrast, it is considerably harder to impose Dirichlet boundary condi-
tions given that the basis functions are non-interpolating at the physical domain
boundaries. In order to enforce Dirichlet boundary conditions it is feasible to
either modify the basis functions or to augment the governing equations with
additional constraint equations. Representatives of the first group of methods
include web-splines [6], i-splines [7] and max-ent interpolation [8]. In the second
group, the constraint governing equations are solved with conventional tech-
niques, such as the Lagrange multiplier method [9, 10], the penalty method or
the Nitsche method [2, 11, 12]. Our method of choice for this work is the Nitsche
method because it appears to provide the best trade-off between stability, accu-
racy and ease of implementation. It is known that the Nitsche method suffers
from conditioning problems if small cut-cells are present, see, e.g., [13]. This
can be remedied by eliminating the critical basis functions whose active support
size inside the physical domain is too small. In the present work we follow the
proposal of Höllig et al. [14] and link the critical basis functions to the ones
inside the domain by means of Lagrange extrapolation.

B-spline basis functions can give more efficient and more accurate finite el-
ements for a number of applications as demonstrated, for example, in [15, 16,
17, 18]. The better performance of b-splines as compared to conventional La-
grange basis functions is attributed to their higher-order continuity. Equally
important is that the continuity of b-splines can be easily relaxed if necessary
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by introducing repeated knots into their knot sequence. Furthermore, it is pos-
sible to increase the polynomial degree or to subdivide the knot sequence of
a b-spline and at the same time to keep the represented geometry or solution
field unmodified, see [19, 20, 21, 22]. In this work, we make use of the two-scale
relation for b-splines which relates the b-spline basis functions on a coarse knot
sequence with the ones of the same polynomial degree on a finer knot sequence.
In algebraic terms, the coarse b-splines are obtained by multiplying the fine
b-splines with a subdivision matrix. The two-scale relation can be taken as a
convenient means for implementing incompressible fluid finite elements, which
we refer to as subdivision-stabilised finite elements. Thereby, the pressure field
is interpolated using coarse b-splines and the velocity field is interpolated using
fine b-splines. The two-scale relation for b-splines allows the pressure and ve-
locity interpolation to be performed using the fine b-splines and the resulting
element matrices can subsequently be stabilised by multiplying with the subdi-
vision matrix.

The outline of this paper is as follows. Section 2 begins with a review of
b-splines and their refinability followed by the introduction of the b-spline finite
elements in the case of axis-aligned cuboidal domains. In Section 3 the stable
discretization of the Stokes equation using the two-scale relation for b-splines
is introduced. The stability and convergence of the proposed approach is nu-
merically confirmed with verification examples. This is followed in Section 4 by
discussion of an immersed approach for discretization of geometrically complex
domains. The essential components of this method are the weak enforcement of
the Dirichlet boundary conditions with the Nitsche method and the Lagrange
extrapolation of the solution field close to the boundaries to sidestep numerical
instabilities due to cut-cells. Section 4 is complemented by several small verifi-
cation examples which illustrate the methods relative insensitivity with respect
to the size and number of cut-cells and the choice of the Nitsche parameter.
Finally, in Section 5 the developed approach is applied to several stationary and
non-stationary Navier-Stokes applications involving fixed and moving bound-
aries.
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2. B-spline finite elements

In this Section, we first briefly review the b-spline basis functions and in-
troduce their properties relevant for this paper. Subsequently, the set-up of
the Cartesian grid used for finite element discretization is described. Further
details on b-splines and their use as finite element basis functions can be found
in standard literature [6, 15, 19, 20, 21].

2.1. One-dimensional b-spline basis functions and their two-scale relation

We consider the uniform b-spline basis functions over a parameter space
with equally spaced knots ξi = 0, 1, 2, 3, . . . defined by the recursive averaging
formula

B0
i (ξ) =

{
1 if ξi ≤ ξ < ξi+1

0 otherwise

Bµi (ξ) =
ξ − ξi

ξi+µ − ξi
Bµ−1
i (ξ) +

ξi+µ+1 − ξ
ξi+µ+1 − ξi+1

Bµ−1
i+1 (ξ) ,

(1)

where µ is the polynomial degree of the b-spline. Alternatively, b-spline basis
functions can be defined using convolution relationships, which are better suited
for inferring certain properties, such as smoothness. A b-spline basis function
of degree µ is non-zero over an interval ξi ≤ ξ ≤ ξi+µ+1. Moreover, the basis
functions Bµi consist of piecewise polynomials of degree µ, which are joined
Cµ−1-continuously over the knots. These smoothness properties do not hold in
case of non-uniform splines with repeated knots, see, e.g., [19]. The uniform
b-spline basis functions of degree µ computed with (1) have the same shape and
differ only with respect to their position along the parameter space, this means
that all basis functions can be presented as the translate of Bµ0 (ξ), i.e.

Bµi (ξ) = Bµ0 (ξ − i) . (2)

In Figure 1, the uniform b-splines with index zero, i = 0, and polynomial degrees
from zero to three, µ = 0, 1, 2 and 3, are plotted. Clearly, the two lowest degree
b-spline basis functions, B0

0 and B1
0 , are identical to the corresponding Lagrange

basis functions. Furthermore, as can be inferred from Figure 1 according to the
indexing scheme implied by (1) each b-spline is identified by the index of the
knot at its left boundary.

A remarkable property of b-spline basis functions is their refinability, see [6,
22, 23], also known as the two-scale relation, which holds irrespective of the
degree of the b-spline. In addition to the original coarse knot sequence, we
consider a refined knot sequence ξ̃i = 0, 1/2, 1, 11/2, 2 , . . ., which is obtained by
bisecting the original knot intervals. This implies the indexing scheme ξ̃2i = ξi
so that the even numbered knots on the refined knot sequence are also present
on the coarse knot sequence. The new b-splines B̃µi over the fine knot sequence
can be computed with the recursive averaging formula (1). It is straightforward
to show that the following relation holds between the basis functions of the
coarse and fine knot sequence
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B0
0

B1
0
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0

B3
0

ξ

Figure 1: One-dimensional b-splines with index zero and polynomial degrees
zero to three.

B̃µi (ξ) = Bµ0 (2ξ − i) , (3)

where the factor 2 in the argument scales the support size of fine basis functions
to half of the support size of coarse basis functions. It is also known that any
b-spline Bµi (ξ) over the original coarse knot sequence can be represented as a
linear combination of the b-splines B̃µi (ξ) over the finer knot sequence using

Bµi (ξ) =
1

2µ

µ+1∑
k=0

(
µ+ 1

k

)
B̃µ2i+k(ξ) =

∑
k

SµikB̃
µ
2i+k(ξ) , (4)

where the bracket expression in the first term represents the usual binomial
coefficient and Sµik is the subdivision matrix [22, 23], which has been defined for
convenience. According to (4), each basis function Bµi (ξ) can be expressed as a
linear combination of µ + 2 basis functions B̃µk (ξ). As illustrated in Figure 2a,
the two-scale relation is, in particular, in case of linear b-splines apparent

B1
i (ξ) = 1

2 B̃
1
2i(ξ) + B̃1

2i+1(ξ) + 1
2 B̃

1
2i+2(ξ) .

In addition, Figure 2b illustrates the two-scale relation in the case of quadratic
b-splines, which reads

B2
i (ξ) = 1

4 B̃
2
2i(ξ) + 3

4 B̃
2
2i+1(ξ) + 3

4 B̃
2
2i+2(ξ) + 1

4 B̃
2
2i+3(ξ) .

The multiplication factors in these two examples are components of the subdi-
vision matrix and do not depend on the knot index of the considered b-spline.

In passing, we note that the importance of refinability of b-spline basis func-
tions cannot be overstated. Refinability is crucial to a number of b-spline tech-
niques, such as subdivision curves and surfaces [16, 23, 24], hierarchical refine-
ment [25, 26], t-splines [27] and wavelets [23].
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ξi ξi+1 ξi+2

B1
i

ξ~2i ξ~2i+1 ξ~2i+2 ξ~2i+3 ξ~2i+4

–12B~
1
2i

B~1
2i+1

–12B~
1
2i+2

(a) Linear

ξi ξi+1 ξi+2 ξi+3

B2
i

ξ~2i ξ~2i+1 ξ~2i+2 ξ~2i+3 ξ~2i+4 ξ~2i+5 ξ~2i+6

–
1
4B~

2
2i

–34B~
2
2i+1 –34B~

2
2i+2

–
1
4B~

2
2i+3

(b) Quadratic

Figure 2: Two-scale relation for linear and quadratic b-splines.

2.2. Tensor product b-spline basis functions

We assume a computational domain Ω� which is a scaled d-dimensional axis-
aligned hypercube with the lower left corner positioned at the coordinate origin,
see Figure 3. Hence, the domain Ω� is either a rectangle or a rectangular cuboid
in two or three space dimensions, respectively. The domain Ω� is partitioned
with an orthogonal grid so that each grid point can be identified with a multi-
index i = (i1, . . . , id). The position vector of a grid point with the multi-index
i is denoted with

xi = (x1
ii , . . . , x

d
id) . (5)

The chosen Cartesian grid implies a decomposition of the computational domain
Ω� into K = max(i1)× . . .×max(id) identical cells ωk

Ω� =

K⋃
k=1

ωk . (6)

Each of the cells ωk is again labelled using a multi-index k = (k1, . . . , kd). The
region of the cell ωk is the tensor-product of the associated grid point intervals

ωk = [x1
k1 , x

1
k1+1]× · · · × [xdkd , x

d
kd+1] . (7)

Hence, the length of the cell ωk in the coordinate direction xα is given by

hαk = xαkα+1 − xαkα (8)

which enables the definition of a characteristic cell size

hk =
(
h1
k × . . .× hdk

)1/d
. (9)
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x1

x20

x21

x22

x23

x24

x2

ω(1,2) B2
(3,1)

Figure 3: A cut-out from a two-dimensional computational domain Ω� with a
specific cell ω(1,2) and the support of a quadratic b-spline B2

(3,1). Each cell and
b-spline is identified by the index of the grid point at its lower left corner.

It is assumed that the grids throughout this paper are equidistant so that there
is the single grid parameter h = hk. This assumption has been adopted for
computational efficiency and is not a principal restriction of the method.

The basis functions Bµi on the Cartesian grid are defined as the d-dimensional
tensor-products of the one-dimensional b-spline basis functions introduced in
Section 2.1. Thus, the basis function of degree µ associated to the grid point
with the multi-index i is determined by

Bµi (x) = Bµi1(x1)× . . .×Bµ
id

(xd) . (10)

Each of the one-dimensional uniform b-splines Bµiα can be expressed as the scaled
translate of the one-dimensional basis function Bµ0 ,

Bµiα(xα) = Bµ0 ((xα/hα)− iα) , (11)

assuming a linear mapping between the parameter space and the physical space
of the form ξα = xα/hα. This simple mapping is sufficient because of our
restriction to orthogonal grids and uniform b-splines. In order to allow for
non-orthogonal grids an isoparametric approach is feasible [15].

With regard to finite element interpolation, it is important to realise that
the support of a basis function of degree µ covers (µ+ 1)d cells. Consequently,
in the so-called ghost cells close to the lower left corner of the Cartesian grid,
cf. Figure 3, not all the relevant basis functions forming a partition of unity are
available. This means that only cells which are at least µ cells away from the
lower left corner have the complete set of b-splines. In this context, the lower
left corner of the grid is to be understood as the corner point where the indices
i1, · · · , id are all zero.

2.3. B-spline finite elements for axis-aligned cuboidal domains

As a representative boundary value problem, the Poisson equation on a rect-
angular axis-aligned domain is considered. We assume only Dirichlet boundaries
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since their enforcement is a key aspect of any immersed finite element method.
The Poisson problem is given by

−∇2u = f in Ω

u = u on ΓD ≡ Γ ,
(12)

where u is the prescribed solution over the entire boundary. The corresponding
weak formulation can be stated as: Find u ∈ Vu such that

a(u, v) = `(v) ∀v ∈ V0 (13)

with

a(u, v) =

∫
Ω

∇u · ∇v dΩ , `(v) =

∫
Ω

f v dΩ (14)

and
Vg = {v ∈ H1(Ω)|v = g on Γ} , (15)

which is a subspace of the standard Sobolev space H1 restricted to functions
which satisfy the boundary condition v = g.

In the present approach, the solution field is interpolated with tensor-product
basis functions, i.e.

uh(x) =
∑
i

Bµi (x)ui , (16)

where the summation is over all grid nodes, i.e.
∑

i(·) =
∑
i1 · · ·

∑
id(·) and ui

is the scalar control coefficient of a b-spline basis function belonging to the grid
point with the multi-index i. The corresponding test functions are the same
Bµi as in any standard finite element method. Evidently, the computational
domain Ω�, on which the tensor basis functions are defined, has to be larger
than the physical domain Ω. In fact, Ω� has to be large enough so that in each
cell, which is partly or fully contained in Ω, all the non-zero basis functions are
present.

Special techniques are necessary for imposing Dirichlet boundary conditions
because (i) the domain boundary Γ is not aligned with Cartesian grid lines, and
(ii) the b-splines of degree µ ≥ 2 are non-interpolating, i.e. uj 6= uh(xj) for
any xj . Conceptually, the Dirichlet boundary conditions can be enforced by
imposing in addition to the weak form (13) with v ∈ H1 a constraint equation
of the form ∑

i

Bµi ui − u = 0 on ΓD . (17)

Before addressing the general case in Section 4, to begin with, we consider
axis-aligned cuboidal domains with boundaries conforming to the Cartesian grid
lines. For such domains, it is feasible to develop modified b-splines close to the
Dirichlet boundary and to determine the corresponding b-spline coefficients in
a pre-processing step. Subsequently, the system of equations can be solved
without having to explicitly enforce the constraint (17).

The modified tensor product b-splines use interpolating one-dimensional b-
splines orthogonal to the boundary. There are a number of possibilities to
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make a one-dimensional b-spline interpolating at specific locations, such as the
begin and end of the curve [28]. For instance, in non-uniform b-splines, a basis
function of degree µ is made interpolating at a particular knot by repeating that
knot coordinate µ times in the knot sequence, see, e.g., [19]. To describe our
approach, we consider the modification of the b-spline basis functions of degree
µ in the x1 coordinate direction so that they interpolate the left boundary at
grid point i1 = µ. To simplify the notation, we write x1

i1=µ = x1
Γ and require

uh(x1
Γ) = u(x1

Γ). First, using the partition of unity property of the b-spline
basis we write(

1−Bµ1 (x1
Γ)−Bµ2 (x1

Γ)− . . .
Bµ0 (x1

Γ)

)
Bµ0 (x1) +Bµ1 (x1) +Bµ2 (x1) + . . . = 1 . (18)

From this, the following modified basis functions Nµ
i are defined

Nµ
0 (x1) =

1

Bµ0 (x1
Γ)
Bµ0 (x1)

Nµ
i (x1) =

−Bµi (x1
Γ)

Bµ0 (x1
Γ)

Bµ0 (x1) +Bµi (x1) i > 0 .

(19)

Obviously, Nµ
0 (x1

Γ) = 1 and Nµ
i>0(x1

Γ) = 0, and due to the local support only
the b-splines close to the boundary are affected. In Figure 4 the original and
modified b-splines over one cell in case of a quadratic basis are plotted. The
corresponding modified tensor-product b-splines are obtained by replacing the
affected basis functions with the modified ones in (10). In two and three di-
mensions, the resulting b-spline basis is however not interpolating along the
boundaries. In order to approximate Dirichlet boundary conditions, the coef-
ficients of the modified basis functions can be determined with a least-squares
fit

min
umi

∫
ΓD

(∑
i

Nµ
i u

m
i − u

)2

dΓ . (20)

Notice that the integral is over the boundary so that only the modified b-spline
basis functions participate in the integration.
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(a) Original quadratic b-splines
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(b) Modified interpolating basis

Figure 4: Basis functions over a grid cell next to the left boundary x1
Γ. Note in

(b) the smooth transition to the right cell at x1
Γ + h.
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3. Subdivision stabilised mixed formulation

Before moving on to the discretization of incompressible Navier-Stokes equa-
tions, we consider the stable finite element discretization of the Stokes equations.
Here, we use the refinability or, in other terms, the two-scale relation for b-
splines introduced in Section 2.1 for developing a family of stable mixed finite
elements.

3.1. Stokes system

The Stokes system for modelling viscous, incompressible flow with the ve-
locity and pressure fields (u, p) reads

−∇ · σ(u, p) = f , ∇ · u = 0 in Ω

u = u on ΓD

t(u, p) = σ(u, p) · n = t on ΓN ,

(21)

where f is the applied body force, u is the prescribed velocity on the Dirichlet
boundary ΓD and t is the prescribed traction on the Neumann boundary ΓN ,
with the outward unit normal n. Finally, σ(u, p) represents the Newtonian fluid
stress tensor

σ(u, p) = −pI + 2µε(u) with ε(u) =
1

2

(
∇u+ (∇u)>

)
(22)

with µ denoting the constant viscosity and ε denoting the strain rate tensor. The
letter µ for the viscosity is not to be confused with the superscript µ indicating
the degree of a b-spline.

The corresponding mixed variational problem reads: Find (u, p) ∈ Vu × Q
such that

a(u,v) + b(v, p) + b(u, q) = `(v) ∀(v, q) ∈ V0 ×Q (23)

with the bilinear and linear forms

a(u,v) =

∫
Ω

2µε(u) : ε(v) dΩ , b(v, q) = −
∫

Ω

(∇ · v) q dΩ

`(v) =

∫
Ω

f · v dΩ +

∫
ΓN

t · v dΓ .

(24)

The definition of the relevant function spaces are

Vg = {v ∈ [H1(Ω)]d |v = g on ΓD}
Q = {q ∈ L2(Ω)} . (25)

The space Vg is is a subspace of the standard Sobolev space H1 restricted to
functions which satisfy the boundary condition v = g on ΓD . The space Q is
the standard space of square-integrable functions. Note that in case of a pure
Dirichlet problem, i.e, Γ ≡ ΓD, the pressure solution of (21) is only known up
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to an arbitrary constant. In order to achieve solvability of the final system of
equations, we simply fix a pressure degree of freedom.

For determining the finite element approximation, the pressure and velocity
fields (u, p) and the corresponding test fields in the weak form are discretized
using the b-spline basis functions

uh(x) =
∑
i

Bµui (x)ui and ph(x) =
∑
i

B
µp
i (x)pi , (26)

where µu and µp denote the polynomial degrees of the velocity and pressure
b-spline basis functions, respectively. Inserting these approximations into the
weak form (23) yields the discrete block system(

A B>

B 0

)(
u
p

)
=

(
f
0

)
. (27)

As extensively studied, the approximation spaces for (uh, ph) have to be cho-
sen with great care to guarantee the inf-sup stability of the discrete system (27),
see, e.g., [29] for details. Over the years, a great number of ingenious finite el-
ement techniques have been proposed to satisfy the inf-sup condition. Most of
these methods are based on Lagrange basis functions, with the exception of few
recent work on non-uniform b-splines [15, 30, 31].

Since the lowest degree b-splines with µ = 0 and µ = 1 are identical to
Lagrange basis functions, their inf-sup stability (i.e. the lack thereof) can be
inferred from corresponding studies. For example, the element types Q1-Q0

and Q1-Q1 are known to violate the inf-sup condition [29]. The corresponding
b-spline combinations (µu = 1, µp = 0) and (µu = 1, µp = 1) will obviously
fail as well. Furthermore, it is to be expected that equal-order b-spline approx-
imations with µu = µp = k for any k ≥ 1 are not inf-sub stable similar to
Qk-Qk approximations [29]. On the other hand, the Taylor-Hood element Q2-
Q1 and its generalisations Qk+1-Qk for k ≥ 1 satisfy the inf-sup condition [32].
Unfortunately, we could not confirm this for the b-spline approximations with
µu = k + 1 and µp = k. In our numerical studies the cases k = 1 and k = 2
exhibited numerical instabilities in the form typically reported for unstable com-
binations of Lagrange basis functions. For instance, for the case µu = 2 and
µp = 1, which resembles the classic Taylor-Hood element, one can show that an
assumed pressure distribution in form of a chequerboard pattern lies in the null
space of B.

3.2. Subdivision stabilisation

The two-scale relation for b-splines, introduced in Section 2.1, provides an
alternative route for deriving and implementing efficient inf-sup stable elements.
The two-scale relation facilitates the use of grids with two different resolutions
for the velocity and pressure interpolations. Similar to the so-called Q1-iso-Q2

element [33], for example, the pressure field can be interpolated on a coarse grid
and the velocity field on a refined grid. As will be demonstrated below, a set of
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new stable elements can be developed by using different combinations of b-spline
degrees and grid resolutions by recourse to the two-scale relation. Importantly,
the algorithmic complexity of having to operate with multiple grids is min-
imised by performing all the computations on the finest level and subsequently
projecting them onto the coarse level during the assembly procedure.

Following the notation of Section 2.1, the basis functions on the fine grid are
denoted with B̃µi and the basis functions on the coarse grid with Bµi . Thereby,
i is again a multi-index, i = (i1, . . . , id), and the number of coarse grid b-
splines is approximately 1/2d times the number of fine grid b-splines. In the
multi-dimensional case we write for the refinement relation

Bµi (x) =
∑
k

SµikB̃
µ
2i+k(x) , (28)

where the summation and the subdivision matrix Sµik have to be understood in
a tensor product sense, i.e.

Bµi (x) =

(∑
k1

Sµi1k1B̃
µ
2i1+k1(x1)

)
× . . .×

(∑
kd

Sµ
idkd

B̃µ
2id+kd

(xd)

)
. (29)

With the preceding definitions, the velocity and pressure interpolations can
be expressed as

uh(x) =

Nf∑
i

B̃µui (x)ũi and ph(x) =

Nc∑
i

B
µp
i (x)pi (30)

with Nf and Nc referring to the total number of fine grid and coarse grid degrees
of freedom, respectively. For computational purposes it is appealing to express
the pressure interpolation on the fine grid as well. To this end, we can make
use of the mapping between the coarse and fine grid basis functions (28). In
assembling the system matrix (27), computing the matrix block A is straight-
forward since only the velocity grid needs to be taken into account. In contrast,
for computing the matrix block B, the velocity and pressure grids have to be
simultaneously considered

b(uh, ph) = −
∫

Ω

Nc∑
j

(
B
µp
j pj

) Nf∑
i

∇ ·
(
B̃µui ũi

)
dΩ

= −
Nf∑
i

Nc∑
j

pj

[∫
Ω

B
µp
j

(
∇B̃µui

)
dΩ

]
︸ ︷︷ ︸

Bij

· ũi .

(31)

Using the refinement relation, the entries Bij of the matrix B can also be ex-
pressed with

Bij =

∫
Ω

B
µp
j

(
∇B̃µui

)
dΩ =

∑
k

S
µp
jk

∫
Ω

B̃
µp
2j+k

(
∇B̃µui

)
dΩ . (32)
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Hence, the entries can first be computed using the fine grid basis functions with-
out needing any information from the coarse grid. Multiplying the so obtained
matrix during the assembly stage with the subdivision matrix yields the cor-
rect mixed-grid matrix. Therefore, in an existing b-spline finite element code,
these proposed element types can be easily incorporated by simply adapting
the assembly routine. Note that it is never necessary to establish the entire
subdivision matrix Sik because of its shift-invariant structure. As discussed
in Section 2.1, each one-dimensional coarse grid b-spline function of degree µ
can be represented by µ + 2 fine-grid b-splines and, therefore, the subdivision
matrix consists only out of (µ + 2)d unique rows (again, d being the space di-
mension). Moreover, the shift-invariant structure of the Cartesian grid and the
uniformity of the b-spline basis functions can be exploited to greatly streamline
the computer implementation and computation of the system matrix.

3.3. Numerical inf-sup test

We establish the stability of the proposed two-grid b-spline finite elements
using the numerical inf-sup test as proposed in [29]. Whereas the linear b-
spline element with µu = µp = 1 is identical to the provably stable Q1-iso-Q2

element [33], there are no analytic proofs available for other considered pairs of
b-splines.

The discrete stability condition for mixed finite elements requires that the
discrete spaces for velocity and pressure approximation fulfil the inequality

sup
vh∈Vh

b(vh, qh)

‖vh‖V
≥ βh‖qh‖Q ∀qh ∈ Qh , (33)

with a positive constant βh independent of the mesh size. This critical constant
βh can be identified as the smallest non-zero eigenvalue λmin of the following
eigenvalue system

Bvi = λiQqi and B>qi = λiV
ηvi . (34)

It has to be ensured that the eigenvectors vi and qi are not in the null spaces
of B and B>, respectively [29]. The norm matrices Q and Vη used in these
equations have been defined as

Qij =

∫
Ω

BiBj dΩ

Vηij = η

∫
Ω

B̃iB̃j dΩ +

∫
Ω

∇B̃i · ∇B̃j dΩ .

(35)

Here, the parameter η enables to switch between the H1-norm (η = 1) and the
H1-seminorm (η = 0). Therefore, the discrete norms can be computed with

‖q‖20 = q>Qq , ‖v‖21 = v>V1v , and |v|21 = v>V0v . (36)

Elimination of the eigenvector vi from system (34) yields the equivalent eigen-
value problem

B(Vη)−1B>qi = λ2
iQqi . (37)
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Note that µV0 = A, with µ being the fluid viscosity, so that for the seminorm
case η = 0, the left hand side of (37) is the Schur complement of the system (27).

In the numerical tests reported below, we computed the eigenvalues of ex-
pression (37) for Dirichlet and Neumann problems on a unit square with varying
grid sizes. In case of the Dirichlet problem, the pressure can only be determined
up to a constant and, for this reason, there is exactly one zero eigenvalue. On
the other hand, the matrix V0 = µ−1A is singular for the Neumann problem
since the velocity in each coordinate direction can only be determined up to a
constant. Therefore, the full H1-norm is used by employing the matrix V1. In
this case, the boundary conditions indirectly determine the pressure (cf. the
Neumann boundary condition in (21)) and, hence, no zero eigenvalue occurs
in (37).

Figure 5 shows the computed inf-sup constants as the smallest non-zero
eigenvalue of (37). The considered polynomial degrees of the splines are µu =
µp = k and µu = µp+1 = k with k = 1 and k = 2. In all cases the velocity field is
interpolated on the fine grid and the pressure field is interpolated on the coarse
grid. In general, the inf-sup constants for the Neumann problem are larger
than for the Dirichlet problem. Furthermore, all curves tend towards a positive
constant value with increasing number of grid points N per direction. Hence,
as stipulated by the numerical inf-sup test, there is a mesh-size independent
constant βh and the method can be considered stable.
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Figure 5: Computed inf-sup constant vs. number of grid points for Dirichlet and
Neumann problems and different combinations of polynomial degrees µu-µp.

Even though an analytic proof of stability for the presented family of b-spline
finite elements is presently not available our numerical tests provide strong evi-
dence for their soundness. In this context it appears also to be relevant that we
only work with Cartesian grids so that all our grids are, allowing for boundary
conditions, identical to the ones used in the foregoing stability analysis. More-
over, no stability issues have been observed in any of the presented numerical
examples.
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3.4. Verification example: Stokes flow in a square

As a small illustrative example, a Dirichlet problem on the unit square Ω =
(0, 1)× (0, 1) with the analytic solution

u(x) =

(
sin(2πx1) cos(2πx2)
− cos(2πx1) sin(2πx2)

)
, p(x) = sin(3πx1) cos(3πx2) (38)

and a fluid viscosity µ = 1 is computed. The boundary conditions are applied
using a least-squares fit as described in Section 2.3. The convergence behaviour
is plotted in Figure 6. B-spline degrees of µu = 1 to µu = 3 are used together
with pressure interpolations of equal order (µp = µu) or one order lower (µp =
µu−1). In all computations the pressure field is interpolated on the coarse grid
and the velocity field on the fine grid. It is worthwhile emphasising that using
the same grid for pressure and velocity interpolations leads in general to unstable
elements. In Figure 6, one can observe the following optimal convergence orders

‖u−uh‖0 = Chµu+1 , |u−uh|1 = Chµu , and ‖p−ph‖0 = Chµp+1 . (39)
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Figure 6: Convergence of the errors in velocity and pressure fields for different
combinations of polynomial degrees µu-µp.
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4. Geometrically complex domains

The b-spline finite element method introduced so far is only suitable for
analysing rectangular axis-aligned domains. In this section, we introduce its
extension towards the analysis of domains with arbitrary geometry and topology.

4.1. Weakly enforced Dirichlet boundary conditions

We start off by considering the problem of enforcing Dirichlet boundary
conditions in the case where they are not satisfied by the chosen finite element
basis. For this purpose, we decided to use a variationally consistent penalty
method, which is also known as the Nitsche method [11]. In this context, there
is a fine line between the various constraint enforcement techniques so that the
Nitsche method can also be interpreted, for example, as a stabilised Lagrange
multiplier method [34]. In recent years, the Nitsche method has been introduced
to an increasing number of application areas, including interface problems [2],
boundary enforcement in immersed and element-free methods [35, 36, 37], and
fluid-structure interaction [12].

In the following we introduce the derivation of the Nitsche method for the
Navier-Stokes system. This derivation can easily be specialised to other prob-
lems discussed in this paper, since the Navier-Stokes system represents the most
generic considered problem. In its stress-divergence form, the Navier-Stokes
equation can be expressed as

ρ
Du

D t
−∇ · σ(u, p) = f , ∇ · u = 0 in Ω

u = u on ΓD

t(u, p) = σ(u, p) · n = t on ΓN

u(·, 0) = u0 in Ω

(40)

with the constant mass density ρ, the total time derivative

Du

D t
=
∂u

∂t
+ (u · ∇)u (41)

and the initial prescribed velocity u0. The definition of the other variables
appearing in the Navier-Stokes system are identical to the ones in the Stokes
system (21).

Multiplication of the field equations (40) with the test functions, v and q,
and subsequent application of the divergence theorem yields the corresponding
weak form ∫

Ω

ρ
Du

Dt
· vdΩ +

∫
Ω

σ(u, p) : ε(v)dΩ−
∫

Ω

f · vdΩ

+

∫
Ω

q(∇ · u)dΩ−
∫

ΓN

t̄ · vdΓ−
∫

ΓD

t(u, p) · vdΓ = 0.

(42)

Here, it is important to emphasise that the field v does not fulfil any con-
straints on the Dirichlet boundary. This is contrary to what is assumed in the
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derivation of the weak form used in conventional finite elements. Therefore, the
integral over the boundary ΓD is still present in the above result. The crucial
step is now to suitably augment the weak form so that the Dirichlet boundary
constraint u−u = 0 on ΓD is enforced in a weak sense. In the Nitsche method
this is accomplished by adding the following two boundary terms to the weak
form (42)

µγ

h

∫
ΓD

v · (u− u) dΓ and −
∫

ΓD

t(v, q) · (u− u) dΓ , (43)

where µ is the fluid viscosity, γ is a yet to be specified scalar parameter and h is
the grid size parameter defined in (9). Adding those two terms and reordering
the weak form according to unknown and prescribed quantities gives∫

Ω

ρ
Du

Dt
· vdΩ +

∫
Ω

σ(u, p) : ε(v)dΩ +

∫
Ω

q(∇ · u)dΩ

−
∫

ΓD

t(u, p) · vdΓ−
∫

ΓD

t(v, q) · udΓ +
µγ

h

∫
ΓD

v · udΓ

=

∫
Ω

f · vdΩ +

∫
ΓN

t̄ · vdΓ−
∫

ΓD

t(v, q) · ūdΓ +
µγ

h

∫
ΓD

v · ūdΓ

(44)

It is instructive to briefly review the two expressions added to the weak form.
The first expression in (43) is of the same form as a typical penalty term for
enforcing Dirichlet constraints. The second expression in (43) is the conjugate
of the last integral in the weak form (42) and ensures that the augmented
weak form (44) is symmetric with respect to u and v in the Stokes limit (i.e.
for Du/Dt = 0). Both terms in (43) are identical to zero for the analytic
solution u. For this reason, the method is inherently consistent. Note that the
conventional penalty method is only consistent in the limit γ →∞ [11].

The augmented weak form (44) can be expanded to its final form by in-
troducing the equations for the total time derivative (41) and the fluid stress
tensor (22). The variational formulation of the Navier-Stokes equation can now
be stated as: Find (u, p) ∈ [H1(Ω)]d ×Q with u(·, 0) = u0 such that

ρ

(
∂u

∂t
,v

)
Ω

+ ρ ((u · ∇)u,v)Ω + a(u,v) + b(v, p) + b(u, q)

+ â(u,v) + â(v,u) + b̂(u, q) + b̂(v, p) +
µγ

h
〈u,v〉ΓD

= `(v) + â(v,u) + b̂(u, q) +
µγ

h
〈u,v〉ΓD (45)

for all (v, q) ∈ [H1(Ω)]d × Q at all times t > 0. Here, the relevant function
spaces are the standard Sobolev space H1(Ω) and the space of square-integrable
functions Q previously defined in the context of the Stokes system (25). In
addition to the bilinear forms a(·, ·), b(·, ·), and the linear form `(·) defined
in (24), the following bilinear forms

â(u,v) = −2〈µε(u) · n,v〉ΓD and b̂(u, p) = 〈pn,u〉ΓD (46)
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and scalar products

(u,v)Ω =

∫
Ω

u · v dΩ and 〈u,v〉ΓD =

∫
ΓD

u · v dΓ (47)

are used. The variational statement (45) with function spaces independent of
the boundary conditions will provide in the following the basis for formulating
an immersed boundary finite element method.

4.2. Immersed b-spline finite elements

The previous sections introduced the techniques required for an immersed
b-spline finite element, namely the construction of a stable b-spline basis on
Cartesian grids and the weak enforcement of Dirichlet boundary conditions.
We now are ready to formulate the immersed b-spline method and to discuss
aspects of its computer implementation.

4.2.1. Implicit boundary representation

It is assumed that the problem domain is given in the form of a signed
distance function, i.e. by means of an implicitly defined surface. This choice is
mainly motivated by future applications of the developed method, which involve
large deformations and topology changes. In comparison to parametric surface
representations, implicit representations are better suited to such applications.
For more details see our previous work [38, 39, 40].

The signed distance function (or level set function) describing the problem
domain is defined as

φ(x,Γ) =


dist(x,Γ) if x ∈ Ω

0 if x ∈ Γ

−dist(x,Γ) otherwise ,

(48)

where Ω is the physical problem domain and Γ its boundary. Here, dist(x,Γ) =
miny∈Γ |x− y| is the shortest distance between the point x and the surface Γ.
For complex domains usually only the level set values at the Cartesian grid
points are given. The level set values at arbitrary locations are determined by
linear interpolation of the grid point values.

In order to evaluate the bilinear and linear forms appearing in the weak
form (45), it is necessary to have a parametric representation of the boundary.
To this end, the boundary φ(x,Γ) = 0 is approximated with a simplicial complex
consisting of either line segments (in 2D) or triangles (in 3D). Furthermore,
in evaluating the domain integrals it is necessary to integrate over cut-cells,
which are usually a general polytope. Since numerical integration schemes for
such shapes are not available, the cut-cells are subdivided into simplices. For
three-dimensional cut-cells we use a slightly modified version of the marching
tetrahedra algorithm presented in [41]. The modification decreases the number
of tetrahedra created during the subdivision process. This algorithm produces at
the same time the triangles which yield a parametric representation of the zero

21



level set, i.e. φ(x,Γ) = 0. The evaluation of the surface integrals appearing in
the augmented weak form (45) is thus reduced to integration over flat triangles
(in 3D) or line segments (in 2D).

4.2.2. Discrete system of equations and its solution

The spatial discretization of the variational statement (45) is achieved using
the finite element approximations (26) for the velocity and pressure spaces. This
leads directly to the semi-discrete system of equations

Mu̇ + N(u)u + Au + Âu + Â
>
u + Cu + B>p + B̂

>
p = f̂

Bu + B̂u = ĝ .
(49)

Here, M is the mass matrix and N(u) represents the discretized advection term.
The matrices A and B are as in the discrete Stokes system (27). Note that
the pressure discretization is carried out on the coarse grid as described in
Section 3.2. The matrices Â and B̂ represent the corresponding discretizations
of the bilinear forms â and b̂ given in (46) and C is the discrete penalty term.

Moreover, the right hand side vectors f̂ and ĝ contain the prescribed force
terms and the terms on the right hand side of (45) related to the given Dirichlet
datum u.

The treatment of the nonlinear advection term and the temporal discretiza-
tion of system (49) can be carried out by standard means. In the following, an
Euler backward time discretization and a fixed point iteration are used for this
purpose (see, e.g., [42] for details). Nevertheless, other choices are also possible.

4.2.3. Cut-cell stabilisation

In most immersed or embedded boundary methods, numerical accuracy and
stability is compromised if exceedingly small cut-cells are present at the domain
boundaries. This can be explained with the small contribution of the corre-
sponding basis functions to the discretized governing equations (49), which re-
sults in ill-conditioned system matrices. Beyond that, as will be demonstrated
in Section 4.3.1, cut-cells have an adverse effect on the choice of the penalty
parameter γ in the Nitsche method.

The problems resulting from cut-cells can be remedied using the extended
b-splines introduced by Höllig et al. [6, 14]. They revolve around the idea
of extrapolating the solution field from inside to the outside of the domain
using sufficiently high order Lagrange interpolation functions. To this end, the
critical basis functions are first identified by computing the intersection area of
each basis function Bµi with the physical domain si = | supp(Bµi ) ∩ Ω|. The
b-splines with an intersection size si ≥ αhd are denoted as interior, in our
implementation we chose α = 1. The remaining b-splines with 0 < si < αh are
denoted as exterior. B-splines which lie entirely outside the physical domain,
i.e. si = 0, are not relevant and can be discarded. In the following, the set of
interior and exterior b-splines are denoted with I and J, respectively. With this
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classification, the interpolation equation (16) can be rewritten as

uh(x) =
∑
i∈I

Bµi (x)ui +
∑
j∈J

Bµj (x)uj (50)

where here and in the remainder of this section the interpolation of a generic
scalar field u is considered. The extension to the case of vector fields is, as usual,
accomplished by individually interpolating each component.

As discussed, the exterior b-splines have only a small contribution and lead
to ill-conditioned system matrices. This can be remedied by expressing the
coefficients of an exterior b-spline as a linear combination of the coefficients of
interior b-splines

uj =
∑
i∈Ij

Eijui . (51)

The weights Eij and the subset of indices Ij ⊂ I represent the extrapolation
of the solution field uh using Lagrange basis functions and will be specified
below [6, 14]. Formally, inserting (51) into (50) yields an interpolation equation,
which depends only on the coefficients of the interior b-splines

uh(x) =
∑
i∈I

Bµi (x) +
∑
j∈Ji

EijB
µ
j (x)

ui . (52)

The index set Ji is the reciprocal set to Ij and includes for an interior b-spline
all the exterior b-spline coefficients it influences. The modified interpolation
equation (52) enables to formulate the finite element equations using only the
interior b-splines so that the resulting equations are well conditioned.

It remains to specify the index set Ij and the weights Eij used in the ex-
trapolation of the coefficients (51). If the polynomial accuracy of a b-spline
approximation of degree µ is to be preserved, the index set Ij must include
µ + 1 coefficients per Cartesian direction giving (µ + 1)d coefficients in the
multi-dimensional case. As an additional condition, the indices in Ij should be
chosen as close as possible to index j. In Figure 7 the implemented algorithm
for choosing the Ij for a particular external quadratic b-spline is illustrated.
Although there is some freedom in the choice of Ij , formally starting from an
index ` the remaining indices are given in dependence of the polynomial degree
and dimension

Ij = `+ [0, . . . , µ]d . (53)

With this index set at hand, the weights Eij are computed by evaluating the
corresponding Lagrange basis functions of degree µ at j − ` [6]. In case of an
equidistant grid this leads to the following equation

Eij =

d∏
α=1

 µ∏
ν=0

ν 6=iα−`α

jα − `α − ν
iα − `α − ν

 (54)
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Figure 7: Computation of the weight coefficients Eij for a quadratic exterior
b-spline B2

j . The set of interior indices I(j) = (j1 − 3, j2 − 3) + [0, . . . , 2]2 is
used for extrapolating the solution field. The weights are determined as the
tensor product of the Lagrange extrapolation coefficients in the both coordinate
directions, i.e. {Eij} = [1, −3, 3]× [1, −3, 3].

wherein the outer product represents the tensor-product over the Cartesian
directions α. The bracket expression is the Lagrange polynomial of degree µ in
direction α corresponding to the index iα − `α evaluated at the index jα − `α.
Figure 7 provides a graphic illustration of this equation in case of a quadratic
b-spline.

It is straightforward to use the new basis functions in the solution procedure
by inserting the modified interpolation equation (52) into the weak form. As
shown by Höllig et al. [6, 14], the modified basis functions inherit most of the b-
spline properties and lead to interpolation estimates with the same convergence
order as the original b-spline basis. In terms of implementation, the element
vectors and matrices are first computed without considering the weights Eij .
Subsequently, only during the assembly procedure the element contributions
need to be multiplied with Eij to establish the global system vectors and matri-
ces. Note that the flow of computations is identical to the subdivision stabilisa-
tion procedure introduced in Section 3. In practice, exploiting this procedural
similarity during software implementation leads to fast and compact solvers.
Furthermore, the similarities between the two procedures justify to regard the
introduced cut-cell treatment as a preconditioning or stabilisation step.
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4.3. Verification examples

In this section we assess the robustness and accuracy of the presented im-
mersed method by means of several numerical examples. The solution of two
Poisson problems and a stationary Navier-Stokes problem are considered.

4.3.1. Study of penalty parameter and cut-cell sizes

The primary purpose of this example is to study the influence of the penalty
parameter and cut-cell size on the conditioning of the system matrix. The
considered computational domain Ω� = (−1, 1) × (−1, 1) contains a straight
immersed Dirichlet boundary located at x1 = δ and parallel to the x2-axis. The
remaining boundaries are homogeneous Neumann boundaries. The location of
the Dirichlet boundary is chosen so that δ > 0.75. The physical domain is hence
given by Ω = (−1, δ) × (−1, 1). This simple setup has been chosen in order to
provide control of the relative area of cut-cells defined as εk = |ωk∩Ω|/h, where
ωk denotes the domain of the cell with the index k and the grid size h. In the
chosen setup ε = εk is constant for all cut-cells.

In a first step, the positivity of the system matrix of the discretized Laplace
problem with Dirichlet conditions along ΓD is studied. In order to ensure pos-
itivity, the penalty parameter has to be larger than some critical value, i.e,
γ > γc, see [34]. Figure 8a depicts for linear b-splines the dependency of the
minimal eigenvalue of the system matrix on the penalty parameter for different
selected cut cell sizes. It is clear that a positive minimal eigenvalue λmin > 0 is
obtained for specific values γ > γc, where the threshold value γc increases with
decreasing cut-cell size ε. Plotting the threshold value γc against the cut-cell
size for b-spline degrees µ = 1, 2 and 3, yields the curves shown in Figure 8b.
Note that even in the limit ε → 0 a relatively small value of γc is sufficient
to ensure positivity. This desirable property is due to the cut-cell stabilisation
presented in Section 4.2.3. Without such a stabilisation the penalty parameter
diverges (i.e. limε→0 γc =∞) leading to an ill-conditioned system matrix.

Moreover, the reported relatively small lower bounds for the penalty param-
eter are insensitive to grid size. This is illustrated in Figure 9, which shows the
variation of the minimal eigenvalue λmin with cut-cell size ε for three different
grid sizes h = 2/N and a fixed penalty parameter γ = 10. For the considered
linear and quadratic b-splines the minimal eigenvalue is practically independent
of the cut-cell size.

Finally, we demonstrate that the cut-cell size has an impact on the finite
element error in L2- and H1-norms but does not affect the convergence order.
To this end, the convergence of a Poisson problem with the analytic solution

u(x) = (x1 − 4)−1 + x1/4 (55)

is considered. The errors in the L2- and H1-norms are plotted in Figure 10 for
linear and quadratic b-splines. In both cases, the solution convergences with
optimal order and exhibits only for coarse meshes a slight dependence on the
cut-cell size.
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Figure 9: Minimal eigenvalue λmin vs. relative cut-cell area ε for γ = 10 and
three different grids with N = 8, 32, and 128 points.
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Figure 10: Convergence of the error in the L2-norm and the H1-seminorm in
dependence of the cut-cell size ε.

4.3.2. Poisson equation in a sphere

In this three-dimensional example the solution of the Poisson equation in
a unit sphere with Ω = {x ∈ R3| |x| < 1} is considered. The loading and
boundary conditions are chosen so that they satisfy the analytic solution

u(x) = |x− x∗|−1 with x∗ = (1, 1, 1) . (56)

The plot in Figure 11a shows the computational domain Ω� = (−1.1, 1.1)3

coloured with the iso-contours of the level set function and the boundary of
the physical domain. The iso-contours of the computed solution on the domain
boundary are shown in Figure 11b. In the computation, a penalty parameter

(a) Implicit surface representation (b) Iso-contours of the solution

Figure 11: Poisson equation in a sphere discretized with a grid with 483 cells.

γ = 20 is used and the level set function representing the sphere on the fluid
grid has been obtained from a surface mesh with 290.068 linear triangles using
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the closest point transform algorithm described in [39]. Figure 12a shows the
convergence in the L2-norm and theH1-seminorm against the grid parameterN .
Although the absolute values of the errors are lower for quadratic than for
linear b-splines, only second-order convergence in the L2-norm and first-order
in the H1-seminorm can be observed. This reduced convergence order is due
to the approximation of domain boundaries with linear triangles during the
integration, see Section 4.2.1. It is not an inherent limitation of the method and
can be remedied by interpolating the boundaries with higher order triangles.

In addition to the errors in the domain, the convergence of the integral
surface flux F is considered, see Figure 12b. Again, the rate of convergence for
linear and quadratic b-splines is similar but the absolute error is significantly
smaller for the quadratic b-splines.
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Figure 12: Poisson equation in a sphere. Convergence of errors for linear (µ = 1)
and quadratic (µ = 2) b-splines.

4.3.3. Stationary Navier-Stokes equation in an irregular domain

To demonstrate the applicability of the proposed method to viscous incom-
pressible fluid flow, we now consider the solution of the stationary Navier-Stokes
equations. The corresponding weak form is obtained by neglecting the inertia
terms in (45). Similar to the previous examples, the force term f and Dirich-
let datum u are determined so that they correspond to the chosen solenoidal
analytic solution with

u(x) =

(
− cos(5x1) sin(5x2)

sin(5x1) cos(5x2)

)
, p(x) = −1

4
(cos(10x1) + cos(10x2)) (57)

and the viscosity µ = 0.001. Figure 13 shows the geometry of the considered
domain together with the computational domain Ω� = 0.9 × 0.9 and its dis-
cretization with N = 32 cells per direction. In total 4.148 line segments with a
linear interpolation of u = (u)|Γ are used for the discretization of the boundary
curve.
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(a) Domain and grid (b) Computed pressure contour lines

Figure 13: Embedded irregular domain problem with a grid consisting of N = 32
points per direction.

The convergence behaviour is depicted in Figure 14 where the b-spline com-
binations for velocity and pressure interpolation (µu, µp) = (1, 0), (1, 1), (2, 1)
and (2, 2) are considered. For all but the lowest order combination, the con-
vergence orders in the L2-norm of the velocity and pressure fields are of second
order. This outcome clearly demonstrates that the performance of the proposed
method is not affected by the non-linearity of the fluid problem.
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Figure 14: Immersed irregular domain. Convergence of the errors in velocity
and pressure fields for different combinations of polynomial degrees µu-µp.
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5. Incompressible flow applications

In this section, the presented method is applied to several incompressible
viscous flow problems with complex boundary geometries. In all nonstationary
cases, the time discretization is carried out using the Euler backward method.
The nonlinearity of the convection term is resolved by means of a fixed point it-
eration. The force resultants are obtained by numerically integrating the bound-
ary tractions, i.e. F =

∫
Γ
σ(u, p) · ndΓ. The fluid density is chosen as ρ = 1

and the fluid viscosity is determined so that a prescribed Reynolds number
Re = (ρUL)/µ is obtained. Here, U is the characteristic fluid speed (e.g. the
freestream velocity) and L is the characteristic length of the solid.

5.1. Flow around a fixed cylinder

The two-dimensional flow around a stationary cylinder at different Reynolds
numbers based on the cylinder’s diameter is considered. The problem setup
and the boundary conditions are described in Figure 15. The flow at three
different Reynolds numbers Re = 20, Re = 40 and Re = 80, based on the
cylinder’s diameter, is investigated. In the Re = 80 case, the Reynolds number
is large enough that periodic vortex shedding may occur. Hence, a transient
analysis with a time step size of ∆t = 0.1 is carried out. In the other two
cases, a stationary analysis is sufficient because only a steady recirculation zone
downstream of the cylinder is to be expected.

For the discretization of the velocity and pressure fields, the b-spline com-
binations µu = µp = k with k = 1 and k = 2 are used. In the linear case a
grid with 480 × 320 cells and in the quadratic case a grid with 360 × 240 cells
is employed. Figure 15b shows a detail of the linear grid in the vicinity of the
cylinder.
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10

c = 1
u1 = 1

u2 = 0

t1 = 0 , u2 = 0

t1 = 0 , u2 = 0

t1 = 0

t2 = 0

(a) Domain and boundary conditions

(b) Detail of the grid

Figure 15: Problem description of flow around a fixed cylinder. The detail in (b)
represents a box with (−1, 1)× (−1, 1) around the cylinder.
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Figure 16 shows the computed streamlines and the contour lines for pres-
sure and vorticity for the three different Reynolds numbers. For the two lower
Reynolds numbers, Re = 20 and Re = 40, the stationary solution is plotted.
The results for Re = 80 refer to time t = 150.

Figure 16: Flow around a fixed cylinder. Flow and pressure field in a box of size
(−1, 3)× (−1.5, 1.5). From left to right: streamlines, pressure contour lines and
vorticity contour lines. From top to bottom: Re = 20, 40 and 80. The pressure
lines range from −0.5 to 0.5 with an interval of ∆p = 0.025 and the vorticity
lines range from −3 to 3 with an interval of ∆ω = 0.2. The lines of negative
values are dashed and the zero contours are omitted.

In order to assess the quality of the numerical results several derived quanti-
ties are compared with published results. In all three cases, the drag coefficient
defined with reference to the diameter, CD = 2F 1/(|u∞|2c), is computed. In
the stationary cases, the relative length of the recirculation downstream of the
cylinder, Lr/c, and the angle of separation measured from the downstream stag-
nation point are of interest. On the other hand, the temporal variation of the
drag and lift coefficients and the Strouhal number St are of particular interest
for the transient case.

The temporal variation of the drag CD and lift CL coefficients are plotted in
Figure 17 for the time interval 0 < t < 160. Qualitatively the curves in Figure 17
agree well with those given in [43]. However, the amplitude of our computed
lift coefficient is lower and the drag coefficient is also slightly different. These
deviations are believed to be due to the applied boundary conditions which
represent an approximation to the uniform far field flow. The domain size and
boundary conditions we chose in our computations are different from [43]. Apart
from that there is a good agreement between the derived quantities as shown
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in Table 1 where the values are compared with the results of references [44]
and [45].

Comparing the quality of the results for the different b-spline degrees, it
is clear that the prediction of the separation angles is significantly better for
the quadratic b-splines. Also, the drag coefficient in the transient case is more
accurate with respect to the reference value. The other quantities have a similar
precision in both cases. It has to be emphasised that the grid used for the linear
b-splines is by a factor 3/2 finer than for quadratic b-splines.
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Figure 17: Flow around a fixed cylinder. Drag and lift coefficients vs. time for
Re = 80.

Re CD Lr/c ϕs St

20 2.11, 2.16 (2.03) 0.93, 0.93 (0.92) 38.7◦, 41.9◦ (43.8◦) —
40 1.54, 1.60 (1.52) 2.23, 2.25 (2.27) 48.6◦, 51.6◦ (53.8◦) —
80 1.24, 1.34 (1.38) — — 0.15, 0.15 (0.15)

Table 1: Flow around a fixed cylinder. Computed drag coefficient CD, relative
recirculation length Lr/c, separation angle ϕs and Strouhal number St. For
each quantity, the first and second values refer to linear and quadratic b-splines,
respectively, and the values in parentheses are from [44] and [45].

5.2. Moving cylinder

We now reverse the relative motion by pushing the cylinder with the diam-
eter c = 1 through the fluid which is initially at rest. A constant horizontal
acceleration of 0.2 is applied for t < 5 until the cylinder reaches its termi-
nal velocity u∞ = (1, 0)T . This velocity is then held constant for the rest of
the computation. All outer boundaries are traction-free and a no-slip condition
along the cylinder’s surface is applied. Figure 18 shows the physical domain and
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defines eight time instants used in the discussions to follow. The investigated
Reynolds numbers are, in line with the previous example, Re = 20, 40, and 80.
The spatial discretization consists of 640 × 160 cells with linear b-splines and
the time step size is ∆t = 0.025 for the cases Re = 20 and 40, and ∆t = 0.0125
for the case Re = 80.

10 2.5 5 10 10 10 10 10 12.5

10

10

0 1 2 3 4 5 6 7

Figure 18: Problem description of the moving cylinder. The circles indicate the
time instants referred to in Figure 19. The cylinder’s initial position 0 is at
t = 0, position 1 is directly after the acceleration ceases at t = 5, and further
positions, 2–7, are at t ∈ {10, 20, 30, 40, 50, 60}.

The snapshots of the streamlines, pressure contour lines and vorticity con-
tour lines for the positions 1 to 7 (as defined in Figure 18) for Re = 80 are
given in Figure 19. In the snapshots the build-up of vortices and their periodic
shedding is clearly visible as the motion progresses. First at time instant four
a slight deviation from symmetry starts to appear in the pressure and vorticity
snapshots. This disturbance becomes more pronounced at the fifth time instant
when the first closed vorticity contour lines are detached from the cylinder. This
shedding of vortices continues until the last time instant which clearly displays
the features of a developed von Kármán vortex street [46].

The development of lift and drag coefficients over time are given in Figure 20.
The plot includes the drag coefficient for all three considered Reynolds numbers
and the lift coefficient for Re = 80. The lift coefficients for Re = 20 and Re = 40
are identical to zero because of the symmetry of the flow field. The oscillation
in the lift curve, which corresponds to the observed vortex shedding, is clearly
visible. Quantitatively speaking, the final values of the drag coefficient CD are
all about 10% below the values obtained in Section 5.1 for the fixed cylinder. The
reasons for these deviations are the coarser grid used in this set of computations
and the different boundary conditions. Moreover, in the case of Re = 80 the
flow field is still not fully developed to a quasi-static state as indicated by the
slightly increasing drag curve (note the different time axes in Figures 17 and 20).

5.3. Flow around a sphere

As a three-dimensional example, we analyse the steady flow around a sphere.
The physical domain has the dimensions (−2, 10) × (−4, 4)2 and contains a
sphere with unit radius centred at the origin. The sphere surface is represented
with 290.068 linear triangles. The prescribed boundary conditions are unit
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Figure 19: Moving cylinder at Re = 80. Top to bottom: the seven time instants
as defined in Figure 18. Left: pressure contour lines. Right: vorticity contour
lines.
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Figure 20: Moving cylinder. Drag and lift coefficients vs. time for three different
Reynolds numbers. Note that for Re = 20 and Re = 40 the lift is zero.

inflow at x1 = −2 and zero traction at all other boundaries. The finite element
discretization of the domain consists of linear b-splines and 60× 402 cells. The
fluid viscosity is adjusted in order to achieve Reynolds numbers 40, 57, 80
and 113. Figure 21 shows the physical domain and the sphere together with
some streamlines for Re = 113. One can clearly identify the recirculation zone
downstream of the cylinder.

Figure 22 displays the computed relative recirculation lengths Lr/c. This
plot also contains the line Lr/c = 0.66 log(Re) − 2.11 which is taken from the
experimental results in [47]. Despite the deviation from the reference results
which are likely due to the coarse mesh and small size of the chosen physical
domain, the qualitative behaviour is well captured.

5.4. Rotating ellipse

Finally, we study the flow induced by an elliptic body subject to eccentric
rotation. The problem setup and the boundary conditions are described in Fig-
ure 23. It shows the ellipse of length c = 2 and 15% thickness in its initial
position (horizontal) and the two extremal positions (α = ±π/4). The eccen-
tricity of the rotation is δ = c/8. The rotation itself is described by variation
of the angle α(t) = π

4 sin(2πt) . The Reynolds number (based on c and the
maximal tip velocity of the ellipse) assumes the value Re = 333.3. The finite
element discretization consists of linear b-splines and 900 × 450 cells, and the
time step size is ∆t = 0.01.

Figure 24 shows the temporal behaviour of the force components F 1 and F 2

for 0 < t < 4 together with the angle α(t). The vorticity fields at the four time
instants defined in Figure 24 are plotted in Figure 25. These snapshots show
the vortex shedding at the right edge of the body as it occurs in each upward
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(c) Vorticity magnitude

Figure 21: Flow around a sphere. Representative results for Re = 113.

 0

 0.2

 0.4

 0.6

 0.8

 1

20 40 60 80  100

L
r/
c

Re

Computation
Taneda (1956)

Figure 22: Flow around a sphere. Comparison of computed recirculation lengths
with experimental results from [47].
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Figure 23: Problem description of the rotating ellipse.

and downward stroke. Also, minor vortices are released at the left edge which
is subject to a smaller amplitude due to the eccentricity of the motion.
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Figure 24: Rotating ellipse. Horizontal and vertical forces acting on the ellipse
and the prescribed angle α vs. time. The indicated four time instants refer to
the snapshots in Figure 25.

This example clearly demonstrates the advantage of an immersed method
as compared to a conventional arbitrary Lagrangian-Eulerian (ALE) approach
using body-fitted meshes. The distortion of a body-fitted mesh in the extreme
positions of the ellipse would require dedicated mesh updating techniques; in
the present approach such situations do not present a difficulty.

37



1 2

3 4

Figure 25: Rotating ellipse. Vorticity contour lines at the four time instants
defined in Figure 24.
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6. Conclusions

B-splines are particularly well suited for finite element applications that ben-
efit from basis functions with higher degree and continuity. In this work, the
refinability of b-splines or, in other terms, the two-scale relation for uniform
b-splines is used to devise a new family of inf-sup stable finite elements for
incompressible flows. Conveniently, the velocity and pressure fields are inter-
polated on the same grid using b-spline basis functions with same or different
polynomial degrees. The element matrices and vectors are multiplied prior to
the assembly with a subdivision matrix in order to stabilise the elements by pro-
jecting the pressure interpolation to the coarse grid. It is worth repeating that
the proposed subdivision stabilisation procedure crucially relies on the refinabil-
ity of b-splines and is not feasible, for example, using higher degree Lagrange
basis functions. Although an analytic stability proof for the presented family of
b-spline elements is not available, the performed numerical inf-sup test and the
presented examples demonstrate their soundness. Further, an immersed type
approach was developed to compute problems with arbitrary topology irrespec-
tive of b-spline basis functions restriction to grids with tensor-product structure.
The proposed combination of the Nitsche method with the cut-cell stabilisation
procedure for enforcing Dirichlet boundary conditions ensures that the penalty
parameter remains always bounded. Indeed, all the presented examples were
computed using one single penalty parameter.

In closing, we note some of the limitations of the presented method and
directions for future development. In the introduced implementation, the do-
main boundaries are represented using a scalar signed distance function on the
Cartesian grid. Although this implicit geometry representation leads to robust
algorithms, especially in presence of topology and large geometry changes, it
can only represent the domain boundaries with polygons in two dimensions
and triangles in three dimensions. This impedes the convergence order of the
method and leads to suboptimal results. Therefore, in applications with more
stringent accuracy requirements it is advisable to represent the boundary using
either NURBS or subdivision surfaces [15, 48]. This however raises the question
of efficient integration of cut-cells, which can be, for instance, accomplished in
line with the integration approach developed in [49]. In this context, the abil-
ity to consider NURBS boundaries can facilitate the isogeometric analysis of
problems directly based on non-watertight CAD representations. Finally, for
efficiency reasons it is desirable to have the possibility of local h-refinement in
order, for example, to resolve boundary and shear layers more efficiently. To
this end, the most promising h-refinement techniques are the t-splines [27] and
hierarchical b-splines [6], which incidentally also rely on the two-scale relation
for uniform b-splines.
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grated modeling, finite-element analysis, and engineering design for thin-
shell structures using subdivision, Computer-Aided Design 34 (2002) 137–
148.

[49] R. Sevilla, S. Fernandez-Mendez, A. Huerta, NURBS-enhanced finite ele-
ment method (NEFEM), International Journal for Numerical Methods in
Engineering 76 (2008) 56–83.

43


